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FOREWORD

This report summarizes the design feasibility analysis conducted
by Goodyear Aerospace Corporation (GAC) for NASA, Langley Research
Center, under Contract NAS 1-4341 for the development of supporting
structure and the design, development, and fabrication of a preproto-
type, five-foot diameter cone and column solar concentrator model.

The work was performed by the Space Systems and Analytics Division with

Te Jo McCusker as project engineer. The structural analysis was performed
by J. E. Houmard, The thermal analysis was performed by Re. L. Ginter.
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CONE AND COLUMN SOLAR CONCENTRATOR MODEL
INTERIM SUMMARY PROGRESS REPORT

By Thomas J. McCusker
Goodyear Aerospace Corporation

SUMMARY

This Interim Summary Progress Report summarizes the studies made in the
design feasibility analysis of the cone and column solar concentrator. The
studies are based on a 60 foot diameter concentrator with the capability
of focusing 95 percent of the focal plane energy within a 1.9 foot diameter
circle.

An optical analysis is made to translate the performance requirements
into structural sizes and tolerances. Based on these structural requirements,
a packaging/erection scheme is detailed which can be analyzed structurally
and thermally.

The optical analysis shows that the concentrator will intercept
368 kW of solar energy in space. Of this, 230 kW will reach the focal
plane. With a receiver efficiency of 75 percent, 172 kW will be available
for energy conversion. The specified rms average errors for attaining
this performance are 30 minutes and 15 minutes for the cone tangential
and radial errors and 16 minutes for the column radial error. The maximum
column diameter required is 2.13 feet.

The packaging study shows that it is feasible to package the concentra-
tor within a volume 9 feet diameter by 25.33 feet long.

Weight calculations show that the weight objective of 0.2 pounds per
square foot is feasible.

The packaging and erection of the concentrator are shown to be feasible.
Problems in the area of maintaining the required tangential accuracy of the
cone reflector are analyzed. Experimental investigations are still in
progress in this area.

The thermal analysis shows the temperature distributions which can be
expected in the concentrator and their effect on geometry.
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INTRODUCTION

General

The cone and column concentrator is a combination of reflectors designed
to be the optical equivalent of a paraboloidal reflector. The concentrator
is shown schematically in Figure 1. Its purpose is to concentrate solar
energy to a focal point that can be used for electrical power generation or
for other applications.

The concentrator consists of a conical reflector with a stepped column
reflector located on its axis., When the concentrator axis is pointed
to the sun, solar energy incident on the cone is reflected to the column
reflector, back to the cone, and thence to the focal point. The focal
point lies on the axis of the concentrator beyond the end of the column.

Theoretical analysis and tests of an optical demonstration model
were made under NASA contract NAS 1-3140. This work has served to establish
the optical principles of the concept and has shown that the cone and
column concentrator can be competitive with established concentrator designs
provided that lightweight construction can be used without loss of optical
accuracy. :

Scope

Described in this report is the conceptual design of a deployment
system for a 60 foot diameter cone and column concentrator. Only sufficient
detail has been included in the design to show that such a system is
feasible. Included with this desipgn is a weight breakdown.

The structural analysis includes the investigations of the membrane
type cone reflector and a folding support ring for the cone reflector.
Since these two components require the more extensive development, most of
the analysis was devoted to these items.

A thermal analysis was made to determine the temperature distribution
in the reflector surfaces under various operating conditions. The effect
of this distribution on cone geometry is investigated.

An overall evaluation is made of the cone and column concentrator
concept and conclusions and recommendations are presented.
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OPTICAL DESIGN

The optical design of the 60-foot diameter cone and column concentrator
should be made in accordance with the designleqﬁations developed under the
preceding contract and reported in GER-11292". The effective aperture of the
receiver defines the accuracy requirements of the concentrator surfaces. The
specified aperture is 1.9 inches for a 60 inch diameter concentrator with the
aperture collecting 95 percent of the focal plane energy. The effective
aperture diameter as defined in the reference is then 2.12} inches.* For a
concentrator radius of 30 feet, as specified for the feasibility study, the
corresponding effective aperture radius will be 1.062 feet.

Equation 42 of Reference 1 gives the effective image radius as:

1/2
dp = ;-%5 [ (1.60 x 16)% + (6.26 °5r)2 + (4.51 a&»r)2 ]

-

wheres
dr = effective image radius as determined from radial error
considerations

R, = concentrator radius

06—~ = 7rms average radial slope error in the cone reflector, minutes
b

0~ = 1rms average radial slope error in the column reflector,

‘r minutes

Substituting d, = 1.062 and R, = 30.00, and rearranging we obtain:

1 GER 11292, Investigation of the Optical Characteristics of the Cone-
and- Column Double Reflector Solar Concentrator;, Goodyear Aerospace
Corporation, Akron, Ohio. November 1963.

* Assuming the receiver efficiency to be 75 percent, the effective aperture
is that aperture which will radiate 25 percent of the focal plane energy.
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(6.26 0= J* + (457 = )* = 14,180
o, oy

from which a combination of &; and 0> may be specified. When O is
Yy r T
taken as 15.0 minutes, the corresponding value of o is 16.02 minutes,
r
This allocation of accuracy requirements appears to be practical.

Equation 43 of Reference 1 may be used to determine an acceptable ¥alue
of tangential cone error, o. . Image radius is

R
dg = 3420 [ (1.60 x 16)2 + (3.21 a.ét):2 ]%.

Substituting di and R, as before, we obtain % = 37.10 minutes.
t

In order to ensure that only one of the quantities di and d, governs
the image radius, one should be made smaller than the other. This can be
done by reducing o5 to 30 minutes.

t

This value of °§ can be used in Equation 31 of Reference 1 to obtain
t

the radius of the top column section,

Po = 0.01 R, [ bob + 0.267 oé_t ]i-

Substitution gives p, = 1.065 feet radius. The radius of the next column
section is 0.725 p, = 0.772 feet radius. The radius of the bottom column
section is 0.415 po = 0.442 feet radius. Since these are practical column
radii there is no need to further lower the allowable tangential slope error
of the cones
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In summary, the slope accuracy requirements are:

Cone tangential error
Cone radial error
Column radial error

30 min rms average
15 min fms average
16 min rms average

fnun

The column dimensions are shown in Figure 2. The column will accom-
modate solar rays from that part of the cone between radii of 3 feet and
30 feet. The column has been lengthened to intercept rays up to 0° -

30" from the paths of the ideal rays as shown.

The focal point is located by tracing the path of the ideal rim ray.
The image of the column in the cone reflector is located as shown in
Figure 3. The rim ray is drawn from the column image so that it approaches
the focal plane at an angle (effective rim angle) of 45 degrees. Solution

of the resulting geometry shown locates the focal point 1.319 feet below
the rim of the cone.

Figures 4 and 5 show the paths of rays grazing the top of the column
and entering the center of the aperture and the edge of the aperture. The
ray shown entering the edge of the aperture is in the position beyond which
there is no loss due to interference by the top of the column. The ray
entering the center of the aperture is in a position where the interference
loss is approximately 50%. By assuming a linear relationship between
fraction of power lost and concentrator radius, an estimate of the total
power loss can be made.

The fraction of power loss from rays originating at radius r is:

r,-r
£f = .50
To = T.50
wheres
r, = radius of origin of rays having no interference loss
T 50 = radius of origin of rays having 50 percent interference

loss
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The fraction of power lost from the cone is then:

f£ra
F ==

where A is cone area. Where Ry and R, are the inside and outside

cone radii, the loss becomes:

r
? f2ardp
Ry

v (R2 - &)

i

2

_ 1 '(ros_’oni ]-(__
- 2 2 .

(Roz = Riz)(ro - r.SO)

Substituting ry, = 6.892, r 50 = 4245, Rg = 30, and Ry = 3, we obtain
F = 0,0138. Considering the approximations made in the calculation, we

may conclude that the top of the column intercepts between 14 and 1:
cent of the energy focused on the heat receiver.

pexr-
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The column is supported from the heat receiver by 3 one~-inch tubes
equally spaced on a 2;83-foot rading eirele. The top of the colwmn is
connected to these tubes by a spider of 3 one-inch tubes, These struc-
tural members interfere with solar rays focused on the receiver aperture.
The fractional power blocked can be closely estimated by taking the ratlo
of the vliew factor of the structure to the view factor of the incident
rays as viewed from the aperture. This ratio has been calculated to be
0.00429/0.2877 = 0.0149. Thus, the column support structure has been
found to block about 1% percent of the energy focused on the heat receiver.

The ring support wires (120 at 0.020 inch diameter) will block 0.21
percent of the incident solar energy.

The various shadowing losses can then be summarized as follows:

Receiver blockage 1.0 percent loss
Top of column l.4 percent loss
Column support structure 1.5 percent loss
Ring support structure 0.2 percent loss
Total shadow loss¥* 40 percent

This total is a reasonable one for solar concentrators.

The triple reflectance for aluminum as determined in Reference 1
is 80.3 percent. Various factors such as diffuse reflection, surface
coatings for temperature control, loss of quality obtainable on large
areas, etc., make this reflectance difficult to obtain. A reasonable
objective for reflectance has been specified at 65 percent. Combining
this value with a 4 percent shadow loss gives 62,4 percent of the interecepted
energy reaching the focal plane, At 1 A.U., a 60-foot concentrator will in-
tercept 368 kW, 230 kW will reach the focal plane, and 218 kW will enter the
receiver aperture. With a receiver efficiency of 75 percent, 172 kW will be
available for energy conversion.

1l ope. cit. - GER 11292

# Total shadow loss is calculated from total transmittance, where trans-
mittance is defined as the complement of the shadow loss and total trans-
mittance is the product of the several transmittances.
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DEPLOYMERT CONCEPT

Packaging Objectives

Since the cone and column concentrator is to be used in space, means
mist be provided for packaging the concentrator, transporting it to space,
and erecting the concentrator. The general objectives of the deployment
system are to meet the packaging and erection requirements and to support
the packaged concentrator during launch.

The package dimensions for large diameter concentrators should be
about 10 to 20 percent of the concentrator diameter.

The package should deploy automatically on command in a zero-g space
environment. It is desirable that some, if not all phases of deployment,
can be demonstrated and checked on the ground.

The concentrator and packagipg accessories should be lightweight.
The weight objective is 0.2 1b/ft of frontal area.

The mechanisms for the deployment of the concentrator should require
a minimum of power and energy.

)

Approach

Fabricating the cone of a thin flexible film permits the cone to be
folded to fit in the package. The film cone can be supported between a
rim ring and a ring near its apex. Because of its size, the rim ring
must be folded to fit in the package. The approach taken for folding the
rim ring is to incorporate longitudinal hinges in the ring so that the
cross-section can be collapsed. The ring can then be folded elastically.

The rim ring can be supported by flexible wire spokes from the central
structure in the vicinity of the heat receiver. The extension of the
ring will be controlled by regulating the deployment of the spokes.

The two lower sections of the column can be telescoped into the upper
section of the column. The package length can further be reduced by moving
the column assembly toward the heat receiver. The resulting package
length is somewhat longer than the more desirable 10 to 20 percent of the
concentrator diameter suggested as an objective, but further telescoping
yields only a small decrease in length at a considerable penalty in
complexity.

-13-
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Description 0f Packaging/Erection Scheme

A conceptual design of a cone and column concentrator is shown in
Figures 6, 7, and 8. The design incorporates means for folding the
concentrator for packaging and a means for controlling the erection of
the concentrator in space. Sufficient detail is shown in these figures
to evaluate the feasibility of the concept.

The principal parts of the concentrator are:

(1) Apex Ring

(2) Rim Ring

(3) CcCone

( Lower Column Section

L)
5) Middle Column Section
6) Upper Column Section
7) Ball Bushings

8) Lower, Middle, and Upper Support Tubes
9) Column Support Tube

10) Column Drive Cable"

11) Spokes

12) Spoke Reel

(13) Column Drive Cable Reel

(1) Receiver

(15) Drive Motor

(
(
(
(
(
(
(
(

Figure 6 shows the arrangement of parts with the concentrator in the
erected position. Figure 7 shows various details of the erection mechanism
and the structure. The packaged concentrator is shown in Figure 8., The
overall dimensions of the packaged concentrator are 9 feet diameter by
25,33 feet long,

Packaging/Brection of Ring. - The ring design utilizes a collapsible
diamond cross-section to permit folding. With the cross-section collapsed
the ring becomes flexible and can be folded into loops to fit its storage
compartment as shown in Figure 8.

For control of ring erection, it is desirable to have each loop attached
to a spoke. This is accomplished by the design shown. To erect the ring,
the spoke reels are rotated allowing the spokes to extend. Spring loading
in the ring will cause the ring to extend toward its erected position.

A pressure must be applied to the inside of the ring cross-section to open
the ring to its final diamond cross-section. As opening of the cross-section
progresses, the ring will take its circular shape.
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(1) Apex Ring

(2) Rim Ring

(3) Cone

(L) Lower Column Section

(5) Middle Column Section
(6) Upper Column Section

(7) Ball Bushings

(8) Lower, Middle, and Upper

Support Tubes (Figure 7)
) Column Support Tube
) Column Drive Cable
) Spokes

2) Spoke Reel
) Column Drive Cable Reel
) Receiver
) Drive Motor

(
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FIGURE 6., CONCENTRATOR IN ERECTED POSITION 15
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The opening pressure can be either pneumatic or mechanical. A pneumatic
system will take the form of a gas bottle attached to the ring with the gas
pressurizing the ring as required. A mechanical system will utilize springs
inside the cross-section to provide the required opening pressure. The
spokes will probably have tc be overextended temporarily to facilitate
the opening of the ring cross-section.

Packaging/Erection of Column., - The colummn is packaged by a telescoping
mechanism, The reflectors of each column section are supported by three
support tubes. Ball bushings attached to the lower and middle support
tubes allow these column sections to be telescoped inside the upper column
section. Ball bushings mounted on arms extending from the top column section
allow the column assembly to roll up the column support tubes for more
compact packaging.

The column is erected by means of cables rigged to extend the sections
as the cables are reeled on a motor-driven drum mounted on the top column
section. One set of cables extends the lower and middle column section
while another set positions the column assembly with respect to the receiver.

Packaging/Erection of Cone. - The membrane cone must be reduced in
length as well as diameter Tor packaging. Diametral reduction may be
accomplished by pleating the cone as the rim ring is folded for packaging.
In order to accomplish a reduction in length, additional circumferential
folds may be made. As an alternate method, the membrane may be wrapped

spirally around the collapsed column assembly simultaneously with the folding
of the ring., '

The folded membrane must be clamped in place at several points for .
support. These clamps can be released prior to the extension of the cone.
The cone will be positioned for operation as the rim ring and the apex
ring are erected.

Weight Breakdown

The conceptual design of the packaging/erection system for a 60 foot
diameter concentrator was made in sufficient detail to permit the calculation
of the system weight. The weight breakdown is given in Table I. The total
weight was calculated to be 319.54 pounds exclusive of the opening mechanism
for the rim ring and the structure required to support the concentrator in
the vehicle. Estimating the opening mechanism weight at 15 pounds brings
the total to 335 pounds exclusive of supporting structure. The effective
frontal area of the concentrator is the area of a 60 foot diameter disc
or 2827.4 square feet. The specific weight is then 0.1185 pounds per square
foot exclusive of supporting structure. The supporting structure weight
cannot be accurately estimated at this time because of its dependence on
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vehicle configuration which is not defined. The design objective for the
concentrator is 0.2 pounds per square foot or a total weight of 565 pounds
for the 60 foot diameter. Thus, 230 pounds remain available to be used
for supporting the concentrator in the vehicle, This structural weight
allowance appears to be adequate.
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WEIGHT BREAKDOWN FOR 60 FOOT DIAMETER CONCENTRATOR

Number Weight
Component: Required Material (Lbs)
Central Structure
Spoke Reels N Aluminum 17.00
Support Channels 2 Aluminum 16.80
Support tubes 3 Steel 12,70
Drive Tube 1 Steel 2.70
Actuator, D-610 Hoover 1 3.75
Cams, CF - 1/2 McGill 8 20
Cams, CYR-1 McGill 12 1.6h
Motor Actuator 1 Aluminum o2
Gears 13 Alumirnum 2.15
Stand-0ff 3 Aluminum .15
Drive Hangers 2 Aluminum 1.26
Hangers 3 Aluminum «70
59.29
Rim Ring
Sides L Titanium 111.63
Cone Mount 1l Polyethylene 5.h3
Cables, 20 Mil 120 Steel 3.8L
120.90
Cone
Membrane, 1 Mil 1 Mylar 35.45
35.45
Carriage And Upper Column Section
Tubes 3 Alumimm 1.29
Mounting Plates 6 Aluminum 12
Housings 3 Aluminum .93
Ball Bushings, OPN-162536 Thompson 3 .96
Drum, 2 Inch 1 Magnesium .72
Drum, L4 Inch 1 Magnesium 1.92
Motor Mounting Plate 1 Aluminum <72
Actuator, C-280 Hoover 1 7.50
Box Ring 1l Aluminmum 1.62
Channels 6 Aluminum .59
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TABLE I (CONTINUED)
Number Weight
Component Required Material (Lbs)

Angles 12 Aluminum oAb
Gussets 6 Aluminum .10
Pulleys 15 .58
Pulley Brackets 12 Aluminum .28
Tubes 3 Steel 10,50
Channel Ring 1 Aluminum 1.12
Hangers 6 Aluminum 1.40
Reflectors 50 Aluminum 11.50
L2.00

Middle Columm Section :
Tubes 3 Steel 5.80
Box Ring 1 Aluminum 2,98
Channel Ring 1l Aluminum o 17
Reflectors 25 Aluminum L.22
Hangers, Lower 3 Aluminum .70
Hangers, Upper 3 Aluminum 2.66
Ball Bushings 6 1.92
'Pulleys 6 +39
Pulley Brackets 6 .16
" Rack 3 Aluminum 6.56
26.16

Lower Column Section

Tubes 3 Steel 5.40
Box Ring 1 Aluminum 2,06
Channel Ring 1 Aluminum 39
Reflectors 25 Aluminum 2.53
-Hangers, Upper 3 Aluminum 2.66
Ball Bushings 6 1.92
Rack 3 Aluminum 6.56
Box Ring 1 Aluminum 3.08
Angles 6 Aluminum .06
Gussets 6 Aluminum e23
Disc 1 Aluminum 67
Box Stiffener 6 Aluminum 2.72
Apex Ring 1 Fiberglass 7.00
Apex Ring Retainer 1 Aluminum Lb
35,74
TOTAL WEIGHT 319.5k4
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SUMMARY OF STRUCTURAL ANALYSIS

Analyses Conducted

The concept of the cone and column concentrator, wherein the cone
is subjected to only axial tension along with the fabrication, packaging
and deployment techniques, present several unique structural problems.
These problems are discussed in detail in Appendix A.

Of the four basic structural components that make up the concen-
trator, the unique problems arise in the analyses of the large foldable
ring and of the film cone. General equations are developed for the
structural analysis of these two components and are then applied to a
60 foot diameter cone and ring. These analyses indicate that, while a
functional ring of adequate structural strength is feasible for an
arbitrary column load of 60 lbs, it is not possible to obtain a suffi-
ciently smooth surface on a simple membrane cone by applying only axial
load,

This study indicates that a smooth surface may be obtained by
deviating from a true cone to a membrane of revolution of anticlastic
curvature. However, fabrication of such non-developable surfaces becomes
difficult. If the surface is initially fabricated with single-curved
gores so that the unstressed cross-section is polygonal, analysis indicates
that the desired membrane of revolution cannot be obtained by application
of axial load.

Alternate Approaches to Cone Construction

Another method of fabricating a true cone that will have the required
smooth surface under axial load only is presently being investigated
experimentally. The concept is based upon the application of collapsible
circumferential structural members distributed over the external surface of
the cone. These members will provide the circumferential compressive
and flexural stiffnesses required to restrain the compressive strains that
induce wrinkles in an unstiffened membrane cone. The results of these
investigations will be included in another report.
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THERMAL ANALYSIS

Summary
A thermal analysis was made to determine typical temperature distribu-
tions in the cone while operating in various positions in a near-earth
orbit and also while outside the influence of the earth. The details of
this analysis are included in Appendix B. Factors which were considered
in this analysis are:

(1) Solar energy

(2) Earth albedo

(3) Earth radiation

(4) Heat receiver aperture re-radiation
(5) Interchanges within the cone

The thermal analysis incorporates reasonable simplifying assumptions
and/or approximations to reduce this effort to a level suitable for a
feasibility study without notably degrading the analysis accuracy. The
thermal areas affected are:

(1) Reflections within the cone of system emitted IR radiation,
planetary radiation, and albedo. Thes' items are partially
diffuse before striking the cone interial surfaces, and will
remain so after reflection. By assuming the reflections as
perfectly diffuse, view factor routines will be adequate to
handle these reflections.

(2) Dividing the cone into axial and circumferential nodes may result
in an excessive number of nodes with resultant analysis complexity.
A hybrid system of nodes and infinitesimal areas may be introduced
to expedite the analysis,

Transient considerations do not appear to be a serious factor as the
thermal response time for the cone material would be 1 to 2 minutes. The
structural support response time would be considerably longer, however,
this consideration is beyond the scope of this program.

Thermal Analysis Results

Cases Investigated. - In addition to the sample temperature distri-
butions obtained as part of the development of the thermal analysis program,
temperature distributions were calculated for the cases listed in Table II.

._23_



GER-12114
TABLE II
PARAMETER VALUES FOR COMPUTER RUNS
Run Internal Surface External Surface Planet
No. o € o € Angle
(%) (%) (%) (%) (deg)

1 12 b any L0 none

2 12 L any 20 none

3 12 L 15 40 0

b 12 L 15 40 b5

5 12 L any 40 .90

6 any L any 40 180

7 12 L 25 90 0

8 12 L 25 90 45

9 12 L any 90 90
10 any L any 90 180
11 12 L 90 90 0
12 12 L4 90 90 L5
13 15 ko 15 5 0
14 15 40 15 5 45
15 15 40 15 40 s
16 15 40 90 90 b5

°2h"
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The combinations of absorptance and emittance selected are typical of
various surfaces which could be used in the concentrator construction. The
properties of some typical materials are shown in Table III.

TABLE TIT

PROPERTIES OF TYPICAL MATERIALS

Material ()( | ﬁ; 7
Aluminized Mylar ~ae 0,04
SiC on Aluminized Mylar 0.15 0.40
Black Paint : 0.9 0.9
Solar Reflector Paint 0.25 0.9
Flat Reflector Paint 0.25 0.25
Mylar (1 mil clear) 0.20 0.7

Calculations were made for operation in a 300-mile orbit about the earth
and for operation at 1 A.U. removed from the influence of the earth.

For earth orbit cases, calculations were made with the concentrator on
the earth-sun line and at locations 45 degrees, 90 degrees and 180 degrees
from this line (the last case locates the concentrator in the shade of the
earth). In all cases, the concentrator is oriented to the sun.

Result Sheets. - The thermal analysis computer output data is presented
in Appendix C. FEach set of results is identified with the proper input data.

Graphs. - Figures 9, 10 and 11 show the effect of surface properties on
the radial temperature distribution of the cone. A temperature discontinuity
occurs at a radius of about 58 percent of the outside radius because of the
second incidence of solar energy inside this radiuvs. The temperature plots
terminate at radii of 10 and 100 percent of outside radius at the extremities

of the conical surface.
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When the concentrator is not on the earth-sun line, the temperature
distribution is not radially symmetric. In these cases, the temperature
distribution is best shown by a plot of isotherms (constant temperature
lines) on the cone.

Figures 12 through 16 are plots of isotherms on the cone. The polar
grid represents a view looking into the cone. Since the temperature distri-
bution is symmetrical with respect to the azimuth of the earth, only half
the cone is shown.

Effects of Thermal Expansion on Cone Geometry. - The temperature vari-
ations from one part of the cone reflector to another can cause thermal
distortion which will affect the reflector accuracy and performance.

If the reflector is a true cone at one temperature, it will expand (or
contract) to a cone shape at any other uniform temperature. The new cone
shape will have the same apex angle as the previous one as illustrated in
Figure 17, view A.

Where a temperature discontinuity exists between two parts of the cone,
the two parts will tend to be physically discontinuous. This tendency will
be resisted by stresses due to strains where the two parts are connected.
View B of Figure 17 shows the effect of a radial temperature discontinuity
and view C shows the effect of a circumferential discontinuity.

Where a uniform temperature gradient exists along a meridian of the
cone, the meridian will curve. The curvature will be concaved outward when
the temperature increases with radius and inward with decreasing temperature.
Outward curvature of the meridian produces an anticlastic surface and inward
curvature produces a synclastic surface,

In general, the rurvature may be expressed as:

2
1/p = K sin?@ sec § |4 + r &1 (1)
dr dr?
where:
r = cone radius
1/ p = Curvature (inverse of radius of curvature) at radius r
OC = linear coefficient of thermal expansion
9 = cone half-angle
T = temperature at radius r
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As long as the curvature is positive (concave outward), the cone sur-
face cannot become synclastic and there will be no danger of compression
in the surface accompanying the application of meridional tension. The
limiting case is when the curvature is zero. Solution of the resulting

2o R ~ e 3
differential eguation gives:

where C, and C, are constants of integration. The uniform temperature condi-
tion is obtained when C; = O,

An alternate form of equation (1) is:

2
_ 2 p 4T
1/p =  sin 9, Secg; d(1n r)2 @)

This form makes it possible to check for cone curvature by plotting the
temperature against the logarithm of the radius. The curve obtained should
be concave upward to ensure deformation in the direction of an anticlastic
surface. An example of such a plot is shown in Figure 18 for the case of
concentrator operation not in the vicinity of a planet, (runs no. 1 and no. 2).
The curves are concave upward in the central part of the cone but tends to
be concave downward in the outer part of the cone. Thus, the meridians in
the outer part will tend to curve inward and put the membrane in compression
in the circumferential direction. Unless there is a counteracting membrane
tension, the membrane will buckle under compression and wrinkles will result.
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CONCLUSIONS AND RECOMMENDATIONS

Structural Feasibility

An analysis was made of the stiructure required for erection of a light-
weight cone-and-column concentrator in space. This analysis showed that all
parts of the structure can be designed to carry erection loads and at the
same time be made foldable. The erection load assumed for the analysis was
sixty pounds axial compression load in the column with the reaction carried
through the conical membrane and the support ring. This load was selected
arbitrarily since the loading required to position the surface of the
copical membrane is not yet established. This load is near the weights of
the principal components and so is representative of the structural loading
associated with accelerations near l-g.

The weight of the system was calculated to be 335 pounds, exclusive

of structuEe required to support the system in the vehicle. This is nearly
0.12 1bv/ft éconcentrator frontal area as compared to the design objective
of 0.2 1b/ft%-. Should the required membrane tension be greater than that
provided for by this design, the various structural parts will have to be
stiffened and strengthened at an increase in weight. Other factors which
may lead to an increase in structural weight are inertial loads associated
with orientation and structural adaptation of the concentrator package to
the launch vehicle. Packaging of the concentrator into a space 9 feet in
diameter by 25.33 feet in length was determined to be feasible.

Studies were made of mecthods of introducing a circumferential tension
in the cone in order to smooth out longitudinal creases and wrinkles. Anti-
clastic surfaces were investigated to determine their suitability in generating
circumferential tension and to determine the feasibility of making such
surfaces of flat gores. -

A surface with both meridional and circumferential curvature was found
to produce sufficient circumferential stress to smooth out longitudinal
wrinkles and at the same time to be sufficiently near a cone to preserve
the optical principles of the cone-and-column concentrator. However, the
investigation concluded that it is practically impossible to achieve circum-
ferential curvature in a near-conical surface made of flat gores seamed
together.

Optical Considerations

The cone-and-column concentrator, 60 feet in diameter, will focus 95 per
cent of the focal plane energy into a 1.9-foot diameter aperture if the
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optical components are constructed with the following accuracies:

cone tangential error - 30 min rms average
cone radial error - 15 min rms average
column radial error - 16 min rms average

The column diameters required are:

top half of length - 2,130 ft. diameter
third quarter of length - 1.544 ft. diameter
lower quarter of length - 0.884 ft. diameter

The shadow loss was calculated to be 4 per cent. When combined with
the specified reflectance of 65 per cent, an overall efficiency figure of
62.4 per cent is obtained for the concentrator.

Thermal Effects

Temperature variation over the surface of the cone results in non-
uniform expansion of the cone. The temperature variation is primarily
along meridians of the cone because of the radial variation of incident
solar flux on the cone. The largest variation is the discontinuity at the
line of demarcation between singly reflecting surface and doubly reflecting
surface. The differential expansion there can be compensated in the con-
struction of the cone.

When the temperature of the cone is influenced by the presence of a
planet, circumferential variation in temperature will exist. The resulting
thermal eypansion will generate shear stresses which will buckle the surface
of the cone. The likelihood of overcoming these stresses with bi-axial
tensile stresses is small because of the low level of circumferential tensile
stress which can be attained.

Conclusions

A conical reflector made by seaming plastic film into a conical shape
will not perform saticfactorily in a cone-and-column concentrator. This is
because there is no practical method of introducing a sufficiently high
circumferential stress to remove meridianal wrinkles which may result from
packaging creases, thermal distortion, or practical limitations on accuracy
of fabrication. The latter two sources of wrinkles may be attacked by making
the cone of unseamed meridianal strips. This method, however, introduces the
problems of curling and twisting of the strips.
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Other parts of the system appear to be feasible. The component re-
quiring the most development next to the cone is the collapsible rim ring.
This is due to the novelty of the concept. Parts of the ring concept
appearing to recuire development are: (1) the hinges which permit collapse

of the cross section but which must carry high shear loads during folding
- .

tion, and (2) the opening mechanism.

Recommendations

The means of constructing a lightweight conical reflector require
further analytical and experimental investigation to establish the feasi-
bility of this concentrator component.

The folding and erection principles of the rim support ring require
some form of experimental verification. The cone is being developed as
part of the present program. The folding support ring development is not
included in the present program. Future program plans should include this
item.

-10-



APPENDIX A

STRUCTURAL ANALYSIS

GER-1211L

i1



TABLE OF CONTENTS

LIST OF SYMBOIS . - * L 4 L] L] - - . L] - * L] . L ] . -

I.

Analysis of the Ring

A.

Be.

General * . e o o * o e o . . * ® o L] * e

1.

2.
3.
L.

The Static Loading Due to the Applied
AﬁalLoadontheCone e o o s 0 o @

Packaging 10oads . o v 2 « ¢ ¢ o o o o
Folding 1o2adS o o s « o o ¢ o o o « o

Energy Required to Fold or Open the
Diamond Cross-Section + « ¢ ¢« « o «

Detailed Ring Analysis . o o « « o o & «

1.

The Statiec Loading Condition . . . .
a. Strength Requirements . . . . . .

b. Buckling in the Plane of the Ring

¢, Buckling Out-of-the-Plane of the Ring

d. Local Buckling . « &« & ¢ o« & « &
Packing StI‘éSSGSc s » [ ) L] . - . e . o
Folding Stresses « + o o o o o o o &

Energy Required to Fold or Open the
Diamond Cross-Section « . . . . . . ,

GER-1211)

PAGE

L7

5k

Sk
5k
55

55
55
55
59
65
65
66
66

68

=12



II.

Ce

TABLE

OF CONTENTS (Continued)

ADesign EXample o ¢ o ¢ ¢ o ¢ « o o ¢ o o o o o o o

1.

2,
3.
L.
5e
6.
7.
8.
9.
10.

Section Properties, Stiffnesses and

Stress Equations .
Applied Loads . .
Design Loads -
Deflections . . .
Design Stresses .
Allowable Stresses
Packaging Stresses
Folding Stresses .

Energy Required to

[ ) . L4 . . L] L] - L] [ ] L] . L L ] L] L]

and Factors of Safety . « « . .

. o ¢ & O o & s s s * & e e s o

Fold or Open the Cross-Section

The Allowable Additional Pretension

in the Cables ., .

Analysis of the Cone

A.

B.

General o+ ¢ « o o o o

¢ & o 4 ® O ¢ * © ¢ o & e+ o e+ =

. L L ] L] L . - - L] . > * . * L .

Detailed Analysis of a True Cone « « « « ¢ « = o « o &

1.

2.

3.

General Deflection Equations for Uniform

Meridional Tension

and Axisymmetrical

Temperature Gradients .+ ¢ ¢« o « ¢ ¢ v ¢ 5 o ¢ o &

Deflection of the Cone Under Uniform Meridional

Tension o« o ¢ o o

@ o e e & e 0 s o o s s g o o @

The Secondary Circumferential Stresses
Due to the Cone Deflections .« ¢« ¢« o « « ¢ o « « »

GER-1211)

. 69
« T0
« T1
.« T2
« 72
. T2
. 13
. Th
e Th
. Th
. 76
. 17
. 17
. 84
. 85



TABLE OF CONTENTS (Continued)

C. Estimated Circumferential Stress Required to
Minimize Residual Meridional Wrinkles « « o « o « &

D. Surfaces of Revolution Having Anticlastic Curvature

l. The Constant Circumferential Stress,
AntiClastic Surface © ¢ @ o @ & ® o o o o o @

2. The Anticlastic Surface Formed by a
Parabolic Meridian . ¢ ¢ o o o o ¢ ¢ o o ¢ o &

30 DesigrlExaInp]BSo.ooooco-oo‘hco.
E. Development of a Body of Revolution from an

Initially Fabricated Body Having Bases that are

Regular POlygonS © & o % o s & 0 6 6 ¢ s e &t 2 e »

1. A DeSign Exalnple * 0 L L o e o o L L] - . - - s

CoNCLUSIOm L] ® - - L d L 2 . L ] e @ . . - L] e - L] L d L] L] . . *

mcm ® e © e e o s e 2 ¢ @ & 0o & © ¢ ° o o s & o o

GER~-1211)
PAGE
.« 91
. 95
. 97
. 100
. 107
. 108
. 119
. 122
. 123



10
11

13

APPIIDIX A
GER 1211}

LIST OF FIGURES

Page

Schematic Diagram of the Cone and Column
Reflector - . . * L[] . . [] L] * * . . L] * L] L] L4 L J [ ] 56 .

Free-Body Forces on Cone, Column, Ring and Cables 57
Ring Ioad Cases- « « « « « « ¢ ¢ o ¢ o o o o o« .
Free-Body of a Ring Segment Between Supports . . §1
Folding of the Diamond Cross-Section Ring . . « . 67
Frustum of a Cone s e o s s s o s s o s e o s T8
Coordinate System for the Deflected Meridian . . §3

A Creased, Unit Width of Film Under Axial Tension, 92

Ne ® & & & ¢ & s o e+ & & o e ° & & & & ¢ o o e

Force-Deflection Relationship for Unit Width , 1-mil
Wlar Strip L] L] L] L] L] L] [ ] * . L] L] L] L4 . ® L] L d L] 9}_1

The Anticlastic Meridian Curve . . « ¢« ¢« ¢ ¢ « « 95

Genei'ating Curves for Constant Hoop Stress, fg, in
a Membrane Body of Rewolution Subjected to an Axial
I.Oad, Q L L] L] . L4 . .. L L] * L4 L] L] L] . * -« . 1 L] lol

Meridian to Hoop Stress Ratio (f5¥/f9) for a Mem~
brane Body of Revolution of Constant Hoop Stress
Dueto&nAXialLoad,Q .........'-.0102

Parabolic Generating Curves for Membrane Bodies of
Revolution Subjected to Axial Load, Q, for Various
Ratios of Q to the Hoop Stress at the Origin, feo J0L



|

15

16
17
18

APPEIDIZ A
GEE 1211,

LIST OF FIGURES (CONT)

Page

Meridian to Hoop §tress (at the Origin) Ratio for
the Parabolic Membranes of Revolution Under Axial

Load . . ] . . * . [ ] . . L] L 4 L] L] L] L] * . * . . L] L4 105

Hoop Stress Variation in the Parabolic Membranes of
Revolution Subjected to Axial Ioad . .. .. . . 106

Undeformed, Gored Body with Meridian Seams . . . 108
Free BOdy of a Meridian Seam e o o o o e o ¢ o o 110

Undeformed and Deformed Side of a Regular Polygon
Cut by a Plane Normal to the Axis of Symmetry . . 116

L6~



Clt C2

LIST OF SYMBOLS

The moduli in the general
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Denotes the distributed ring loading
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at the small base of the frustum when
given without subscripts

A simplifying substitution

The resultant of cable pretensions at
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A simplifying subsitution

Wall thickness of the diamond cross-
section

Energy required to fold or open the
diamond cross-section, and also used as
a simplifying substitution

Coordinates of the deflected meridian
taken parallel and normal to the unde-
flected meridian in the true conical
frustum (Refer to Figure 7)

Denotes shear force when used with sub-
s¢ripts and used as a simplifying sub-
stitution without subscripts

Deflettions of a point on the meridian of
the true conical frustum taken tangential
and normal to the undeflected meridian,
respectively (Refer to Figure 6)

A simplifying substitution

A simplifying substitution

Coordinates of a point on the meridian
taken parallel and normal to the axis
of symmetry, respectively (Refer to Figures

6, 8, 11 through 14, 18 and 20)
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The deflection at the tip of the canti-
levered beam (Refer to Figure 8)
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a A central angle measured from the radial
bisector of the arc between supports te a
radial line through a point on the ring
(Refer to Figure 3). Also denotes the co-
efficient of linear thermal expansion

B A central angle measured from a radial line
from the support point to a radial line
thro a point on the ring (Refer to Fig-
ure 3

Y Angle of twist of a cross-section of the
ring with respect to the cross-section at a

support point
d Deflection of the ring
e Strain
< An angle measured the same as, but never

exceeding the angle B (Refer to Figure 4)

Ny The angular deflections of the meridian

qé and of the side of the regular polygon
cut by a plane normal to the axis of sym-
metry, respectively (Refer to Figures 7

and 18)

] Half of the central angle between support
points on the ring (Refer to Figure 3)

A Ratio of the seam to gore stiffness

B Poisson?s ratio

v A simplifying substitution

Pn The minimum allowable bend radius

P1» P The prinélpal radli of curvature of the
meridian in the plane of the meridian
and in the plane perpendicular to the
meridian, respectively.
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Defined by
Symbol Units Equation No.
o Stress psi
] Torsional shear stress psi 48
P The slope of the meridian (Refer to Fig- Degrees

ure 2)
P The slope at the tip of the deflected Degrees

cantilevered beam (Refer to Figure 8)

w Angle between the meridian of the conical Degrees
surface formed by the supporting cables
and the plane normal to the axis of sym
metry (Refer to Figure 2)

Subscripts

a, b Denote location at the small and large bases of the "conical™
frustum respectively

c Denotes the circumferential direction in the ring
cr Denotes the critical value
g Denotes gore

Hy, o Also‘denotes the large and small bases of the "conical® frustum
respectively

h, p Denotes the direction that is in the plane of the ring
M Dnotes the part due to bending moment

n, v Denotes direction normal to the plane of the ring

r Denotes the radial direction

8 Denotes seam
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Denotes the part due to torque

Denotes transverse direction in a gore

Denote circumferential and meridian directions, respectively
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ANALYSIS

I. Analysis of the Ring

A.

General

A thorough treatment of the foldable base ring is documented
in Reference 1. This analysis is summarized herein and is
applied to the 60 ft. diameter, diamond cross-section ring.
The three loading conditions considered in the design of the

ring and the corresponding analyses conducted for each are
sumnarized below.

1.

The Static Loading Due to the Applied Axial Load on

the Cone

This is reflected to the ring as (1) uniformly distri-
buted and concentrated radial compressive loads from
the cone and cables respectively and (2) uniformly dis-
tributed loads normal to the plane of the ring from the
cone that are reacted by the normal components of the

concentrated cable loads. For these loadings the ring
is analyzed for:

a. Strength
b. Buckling in the plane of the ring

c. DBuckling out of the plane of the ring
d. Local buckling

Packaging Loads

For the specified packaging requirements, the maximum
bending stresses are determined from the smallest bend
radii involved.

-5)-
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Folding Ioads

Folding is defined as the first step in the packaging
of the ring whereby the diamond cross-section is col-
lapsed (folded) into a line. The resulting maximm
circumferential stresses are determined.

Energy Required to Fold or Open the Diamond Cross-
Section

For the folding condition, a calculation is made to
show the energy required to open or fold the diambnd
cross-section ring. This 1s the energy that must be
supplied by internal springs.

B. Detailed Ring Analysis

1.

The Static Loading Condition

A schematic diagram of the configuration is shown in
Figure 1. The cone is loaded by mechanically extend-
ing the column to produce the load, Q, shown in Figure
2. This load is balanced by the forces in the cone,
ring and oables as also shown in Figure 2. The applied
ring loads may be resolved into the three loading con-
ditions shown in Figure 3 and each may then be analyzed
separately and the results combined according to the
principle of superposition.

-55-
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H = 485 in. = 40.417

Cone ftg

FIGURE 1 - Schematic Diagram of the Cone and Column Reflector
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Case I

Case III

FIGURE 3 -~ Ring Ipad Cases

Equations of statlcs relating the loading components of Figure 2
and 3 with the applied column load, Q, are

o oy - g o
Fp = 2 | (3)




Where:
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Fp = (R + R2) cos w =2 Rp cos w [ Rp Z,Zn sin © ] (4)

the number of cable attachments on the ring

= the resultant of cable pretensions at each point,
n, in either conical surface 1 or 2

Strength Requirements
CASE I

The uniform radial loading of Case I, Figure 3, causes
only compression in the ring. This compression force
is easily seen from statics to be,

c = q, b ' (5)

CASE TII

The compressive force, &, in-plane bending moment, Mp»
shear force, V., and radial bending deflection, Ops
may be readily determined from Case 9, Page 158 of
Reference 2 as,

¢ = dm [ 55 (6)
W o= tme 85 - 5] ™
Vo = b [ S5 (8
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ate =0, & = _EQ_EE__ 2 1 __gcos8 (9)
- ? "To I,(EI% Le 8in® " gintd @ J

_ EY 1
at a=6, br, 3 (EI)p [ T2 o (8 + sin 9 cos 9) - 5 ]
(10)
where: (Refer to Figure 3)
= I
2 - (11)

(}*.".I)p = the in-plane bending stiffness of the ring.
Positive deflections are inward

CASE III

Expressions for the out-of-plane moments, Mns shears, Vp,
and torques were derived in Reference 1. However, the in-
dependent derivations given below revealed errors in the
moment and torque equations. The derivations herein are
therefore used along with additional expressions for the
out-of-plane deflections.

First, consider the static equilibrium of Case IIT in Fig-

" ure 3, Then, rather than using Equations 3 for Fy, we may

write,

Fy = 2160 qy (12)

or in general, if q, were not constant but some smooth
function of the angle B, symmetrical about the plane that
bisects the angle 28 (Refer to Figure 4)

~-60-
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20
Fy = b Jr qv"f, (13)

Because of symmetry, a segment of the ring subtended by the
angle 20 may be considered separately in Figure 4. Also, by
symmetry, the torque at the support is zero, i.e., To = 0.

Fy
K.

FIGURE 4 - Free Body of a Ring Segment Between
Supports

From the Statics of Figure 4,

Fy

B
T =5 b(l-cosB)+Mnosinﬁ-b2fqv[l—cos(B-C)]dc

(o]

(14)

61~
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}{n=-§‘1bsinp+nnoc053-b2 J'quin(B-C)dC (15)
5 e
F
vv::-é!-bf gy d ¢ (16)
)

.

Substituting for Fy from Equation 13 into Equations 14, 15 and 16
gives, '

20 B
T -Mnosinp+b2{l;—§‘—’s—ﬁf quﬁ-fqv[l-cos(p
(o] (o]
-t:)]dc} (17)
26 B
M= My cos pr P {HBE [ qap-[aysta(p-0)at}
° ° (18)
26 B 8
Vo= b[ % [ avap-[agat]=p [q at (19)
o ° B

In the above equations, Mp, is determined by swming up moments
on a 28 arc about the tangent at one of its ends. Thus,

28
b2 [_]_.+cos 28
2

Mno = m = COs (ZG-B)JquB (20)

For the particular case of gy constant, the above equations becore:

Mo, = gy b° (8 cot 8 - 1) (1)
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My = My, cos B + qy b [©sinp-1+cosp]
8 cos (8 ~
= [ Lo g ] (22)

T = Mpy sin B+ q,b° [ 6 (1 = cos p) = p + sin p J

= [ p- elaleen)] =
vn = Q.vb(e' ﬁ) (24)
Deflections

Transverse deflection, b, due to bending moment Mp and Torque T
can be found from equations (Reference 7)

I -1, 4d 1 _
e _; + P (26)

where { is the angle of twist of the ring cross.section. Differ-
entiating Ecuation (25) with respect to p and combining the re-
sulting equation and Equation (26) yields

3 am

a’ 3 = - 32 -3 . L

agd | $- Yk 5 -&) (27)
-63-



22510
GER-1211L

This is a third order linear differential equation, and its solution

convains three counstants of 1nr.egra1:10n which can be determined from
the boundary condition

=0 atp = 0

@ = =

-d—p 0 at p 0 (28)
%’?- =0 atp = e.

dMp, _ 8 .
Noting that il + gy bR Sir 6 °in (8 - B) (from Equation 22)

the general solution of Equation (27) is

b-Clcosp+Ozsinp+C3+ {[EI +§]3"]§Tg_5381n(9
(e =)
-B)- TG } (29)

Taking into account the boundary conditions (28) the constants Cj,
C2 and C3 are

A
f1=- :vs:nz {EI smze[m*’l]} (30)

~6li-
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6o = Wb @9 54
q b4 o 1 + 8

3 = WIS [k 4 3] G2)

Then the deflection equation can be found from Equation (29) (for
0 < B < @) upon substituting Equations (30) to (33) for Cy, C2 and
030 ‘

b, Buckling in the Plane of the Ring

The critical circumferential buckling stress is taken directly from
Reference 1,

¢ 3 (EI)
= ex = . (33)
for = oy~ 4 ptp 02
where:
P = the length of one side of the diamond cross-section

tr = The wall thickness of the diamond cross-section

ce Buckling Out-of-the-Plane of the Ring

The out—of-plane buckling criteria for the critical.circumferential
stress due to uniform radial load, Qps and for the critical in-
plane bending moment, respectively, are (References 1 and 8)

,_65-
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+ A e
Shey © 2 \kl)p 1
£ = = = 3
FUAPE gy R [4+1E}5n] (3)

_ (EI), + @ / (E1), - G 2 4(EI), GJ |
Mr = —h— - /[ =R T % (35)

d. local Buckling

In checking the local buckling of the wall of the ring, the
critérion used in Reference 1 is again applied.

for = 3.6E[%JZ (36)

2. Packaging Stresses

The diamond cross-section is first folded as shown in Figure 5.

The folded cross-section (of thickness 2 t.) 1s then looped success-
ively and packaged around a central hub, This looping is done
normal to the conical surface defined by the sides of the folded
crogs-section so that bending stresses are induced. Applying the
flexural formula to this problem, the bending stress corresponding
to any given minimum bend radius, Py incurred during packaging may

be determined as (where the wall is conservatively assumed to act as
one plate of thickness 2 tp),

fp = 'E';Er- (37)

3. Folding Stresses

In folding the diamond cross-section, the maximum strains occur
when the section is half open as can easily be seen in Figure 5.
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FIGURE 5 - Folding of the Diamond Cross~Section Ring
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This maximum circumferential strain may be derived from the

geometry of Figure 5 as,

Qg =+ %% [ 1l - cos % ] = % f% [ 2 -vJ(; ]

(38)
and, by Hooke?s law the corresponding stress is,
= RE
£o *4b[2"'/;] (39)

4. Energy Required to Fold or Open the Diamond Cross-Section

From Reference 1, this energy is given by,

U=3—E—%3—t‘-'[3- 2~/;] (40)

3

A Design Example

Having presented the necessary equations for the structural
analysis of a large foldable ring of a diamond cross-section,
such an analysis is now conducted for a typical example. The

given data are:

H = 485 in. e
a = 36 in. w =
b = 360 in. e =

Pm = 4 in.
P = 3.5 in. Titanium
tp, = 0.020 in. Fty =
E =

56.25 degs. Q = 60 lbs.
13  degs. n = 60
3 degs.
g = 0.29
6AL - 4V G = 6.2 x10° ksi
120 ksi
16 x 103 ksi

~-68-
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The above data is compatible with the preliminary design of
a cone-and column solar concentrator of Reference 1 except
for the wall thickness which is taken as 0.020 in. rather
than 0.0l4 in. in order to obtain a minimum factor of safety
on buckling of 1.5. The angles @, and gy have been taken
equal and equal to the complement of the half angle of the
theoretically true cone. Actually these angles will be un-
equal to conform with the cone design which is a membrane
of revolution having anticlastic curvature. The resulting
differences between the true and assumed angles will be
sufficlently small to be negligible for the analysis of the
ring.

The applied axial column load, Q, has been arbitrarily taken
as 60 lbs. As yet, there is no basis for this number other
than Reference 1 where this value (Nyg = 0.032 1lbs/in) was
used but also arbitrarily. It appears that the required axial
column load must be determined experimentally for a cone de-
sign that is basically different than that proposed to date.
This concluslon is based on the analytical work presented

in Section II of this report.

The analysis of the example ring is now continued.

1. Section Properties, Stiffnesses and Stress Equations

I = I, = % 7 to [ B+, ] = [ % ] (12.25)(0.020)

[ 252 + 0.020 ] = 0.58 in.% (41)

4
T=4 Pt o e = (42.875)(0.02) = 0.8575 in.%

4p
. (42)
(EI)p = (EI)n = (16) (0.58) x 106 = 9,28 x 106 1bs-in®
(43)

6:

6T = (6.2)(0.8575) x 10° = 5.32 x 10® 1bs=in®  (44)

60
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Circumferential Ring Stress
- .G C -
Circumferential Bending Stress
Mp _ 3.5 M -
.= = _ = L.26 M (46)
T IVZ cseda

Direct Shear Stress

N2 __ 32

s = 8t ~8(3.5) (0.000) = 7587V

Torsional Shear Stress

T

2P 1.,

T =

T -_—
2 (12.25) (0.020) 2:04 T

2. Applied Loads

must be known.

he lower limit,

From Mjuations 1 through 4,

A N S A BN N EE S N 4 Ay G BE OE AR m A EE e
2
L]

l

Ay = 27(360) n

€9

£.0265 1bs/in.

]

Qy cot P

(47)

(48)

In determining Fy by Equation 4, the pretemsion in the cables
= /n sin w, will first

be used and the additional allowable pretension will then be
determined based on the strength of the ring.

{0,0265) (0.66&) = 0.0177 1bs/in.

~70-
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Desimm Loads

a., Case I

b. Case II

Cmax
MPpax
VPnax

c. Case III

o ax

Tmax

_ 60
(9]

Ao-3. 074

CER-1211)

= 1.0 lbs.

&(.%%)_2 cotw = 2 (4.331) = 8.662 1bs.

(0.0177) (360) = 6,38 1bs.

= % (8.662) (19.11) = 2.9 1bs at a =0
= (4.331) (360) [19.11 - 107 % o

L

= 4.331 1bs at a =0

= (0.0265) (360) (0.0525) = 0.5 1bs at p =0

= (0.0265) (360R { [ 28 ] (19.081) - 1 }»g,at p = 0

£ 0

d. Combined Loads

cC =

Vax

= 4331 1bse Tpoy % O
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4e Deflectiong
a. Jn-Plane Bending Deflections
From Equations 9 and 10,
(8.662) (360)> 2 1

ata =0, dr, == (9.26 x 100) L 0.0525 ~ 0.0525

- 0.3525] =0

at a = 6, bro = 0

5. Design Stresses
Subétituting the combined loads in Equations 45 through 48,

fe

(3.57) (89.3) = 319

fp (4.26) (0) = 0

Totel = £ = 319 1bs/in.?

fg = (7.58) (4.331) = 32.8 psi

6. Allowable Stresses and Factors of Safety
a. Buckling in the Plane of the Ring (Byuation 33)

e = —3(9.28x100)
T 4 (3.5) (0.020) (360)2

= 768 1bs/in?

~-72-
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Comparing this allowable to the applied stress of 319
ibs/in® shows the ring has an adequate factor of safety

-

of F.S. = 2040

be. of the Plane of t

Since the in-plane moment is zero, only Equation 34 is ef

interest
= 768) - 2
fop = PR 535 1bs/in
5032
FoSo = 3% = 1.68

c. Logal Buckling (Rquatign 36)

2 )
for = (3.6) (16 x 108) [23-9-259 = 1880 1bs/in

Comparing this allowable to the combined applied stress
of 359.3 1b/ 1n? sliows the ring has an adequate factor of

Safety of FuSe = 5.220

7. Packaging Stresses (Bquation 37)
0,020
fr, = (16 x'100) [ —z—'] = 80,000 1bs/in?
F.Se = ']'-“2—0' = l.5

80

-73=
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Fold tregges (Equation 39)
6
= x 10 = 2
o -‘1‘-52—{-%;3—1 [2- V2] = 22,80 1be/tn
120 -
F.S. = 2.8 - 5'25

En Required to Fold or en the Cross~3ection (Equation

6 3
g = nfl6x o3 2,3 0.020 [3_gﬁ]=6,asom-1bs

The Allowable Additional Pretension in the Cableg

For a factor of safety of F.S. = 1.5 on the ring stability, the
allowable additional resultant of the cable pretensions, Rpg,
greater than ¥/n sinw (refer to Equation 4) is next determined.

This calculation is dictatsd by the out~of-plane buckling an-
alysis (fop = 535 1bs/in<). Thep,

fo = for  _ g, = %3% - 319 = 38 lbs/in?
By Equation (45)
Co = 4Pty fa = 4 (3.5) (0.020) (38) = 10.6 1bs.

By Equation (6)

Fhe = 2Ca sin® = 2 (10.6) (0.05234) = 1.11 lbs.

~Thym



and, finally, from Equation (4)

Froa _ 111

Bpa = 2cosw 2 (0.9744)
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0.57 1bs.
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II, ANALYSIS OF THE CONE

General

Since deployment of the cone 1s accomplished by applying only
axial load (the base ring provides circumferential forces but
only locally near the ring), the primary problem is the develop-
ment of adequate circumferential tensile stresses to reduce
residual creases and wrinkles to a satisfactory reflectivity
level. Unfortunately, the primary circumferential stresses are
zero everywhere in an axially loaded cone. Secondary, higher-
order, circumferential tensile stresses are induced due to the
deflections, but these are insignificant. The analysis of
these stresses and corresponding deflections is presented here-
in.

In order to obtain an analytical estimate of the circumferential
stresses required to minimize meridian wrinkles, an apparently
conservative approach was taken. A unit width strip of the
Mylar film with transverse creases was considered and a solu-
tion for the large, nonlinear, deflections of cantilevered
beams was adapted. Force-deflection relationships that yielded
infinite slope at the tip of the cantilevered beams were gener-
ated and the results plotted. These curves may be used to de-
termine the required membrane force to minimize the wrinkles
for a given allowable reduction in the developed length due to
these creases and for a given spacing between oreases.

In order to obtain the required circumferential stresses, 1) the
true cone must be subjected to distributed loads over the entire
surface such as provided by internal pressurization or, 2) under
only applied uniaxial meridian forces, it 1s necessary to devi-
ate from a true cone by fabricating a membrane of revolution
with anticlastic (negative) curvature. From both a fabrication
and structural viewpoint, the first approach is preferred. How-
ever, because the basic concept proposed in Reference 3 depends
on axial load alone, it is necessary to take the second approach.
Various curves may be considered for the meridian that defines
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the anticlastis surface of revolution. Two are considered
herein; 1) meridians which yield constant circumferential
stresses everywhere and 2) parabolic meridians. Famiiies

of these curves for varlous ratios of the applied axial load,
Qs to the circumferential stress, fg, are generated along
with the corresponding meridian and circumferential stresses
at varlous locations on the surface. A "cone" design may
thus be selected for given required circumferential strosses’
axial loads and meridian curves.

As a consequence of the anticlastic surface approach, the
fabrication problem of making a surface of double curvature
arises. In pressurized bodies that are fabricated from gores

. of single curvature, the desired shape is controlled by the

pressure, i.e. as the pressure is increased the originally
flat gores develop curvature, pass through the desired body of
revolution and then take a lobed shape such as observed in a
parachute, for examples The question is, will a similar
approach work in the problem at hand whereby the axial load
now replaces the pressure in forcing the flat gores to take
double curvature? The analysis contained herein considers a
gored body with merldian seams. Although certain simplifying
assumptions are necessary, the results are considered adequate
for the feasibility determination. It is concluded that al-
though circumferential curvature occurs upon application of
axial load, a true body of revolution cannot be obtained. In
fact, for the restraints imposed on the geometry and axial
force of the example problem, only small deviations from the
undeformed polygon cut by a plane normal to the axis of symmetry
are possible. Results of experiments on preliminary

models indicate the above conclusion is correct. However, it
has by no means been experimentally verified.

Detailed Analygis of a True Cone

The approach of Chapter 14 of Reference 4 is taken. In general,
the same nomenclature is_also used.

1. Geng;ﬁl Deflection Equations for Uniform Meridian Tension
and Axis trical Temperature dients

Consider the frustum of a conical shell without bending stiff-
ness and suhjected to an axial force, Q, and a smooth temper-
ature gradient along the meridian as shown in Figure 6. The
symbol T represents the temperature change from the datum.
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FIGURE 6 - Frustum of a Cone
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The strain components in an elastic body undergoing thermal

expansion are related to the stresses by the well known Duhamel~-
Neumann law (Reference 5),

B
:Q —& Ce'f'.QT
Eg

[-4 -
P E‘P
(49)
= % _ P
= 5 _ + T
ee Ee Eq) Oq) ﬂe

For an isotropic film of thickness, h, Equations (49) mey be
reduced and written in terms of the membrane forces as R

1
o = i (No-pNg)+eT
(50)
g = %; (Rg-pNp)+ar
From the statics of Figure 6,
N, = n (51)
9 ~ 2r (a+y)sing
or, defining
= = Q.
d N‘P(y = 0) 2r a sin ¢ (52)
at+y = r, (53)
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= & :
§p = e @ (54)

Because there is no external load applied normal to the surface
of the cone and because the meridian radius of curvature for a

cone is infinite, it may be shown from the well known membrene
equation (256) of Reference 4 that,

Ng = 0 (55)

Consider the displacements of an element of meridian length, ds
and take its normal and tangential components of deflection, w
and v respectively, to be positive as shown in Figure 6. The
strain-displacement equations of Reference 3 then become,

’

dav
P ds

(56)

€g -g; (v cot ¢ = w)

Considering the first of Equations 50 along with Equatdions 54
and 55 and substituting into the first of Equation 56 yields,

& _ _&aq «
ds = Enrg TteT (57)

But, from Figure 6

d ro
cos ¢ (58)

ds =
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Integrate Equation 59,

v T,
v = -ETLQ—- Ln T, °
v cos ¢ a
and
a Y To a
v = =289 fn To
Eh cos [ a8 cos @
| where, v = 0 at To, = a

Similarly, the normal deflection is determi
the second of Equations 50 along with Equat

GER-1211),

aT (59)
To
a
cos Y T dro
a
To
[ T (60)
a

into the second of Equations 56, Also Equation 61 is used.

From Figure 6 and Equation 53,

P = sin ¢
Then,
vcotcp-w=[-L£—q*

(61)

roa T

=_-pagq
Ere teT e, Eh sin g @ sin g

(62)

ned by substituting
ions 54, 55 and 60
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and,
To
- +t23 z'°""""‘+——£._’* /mioy 8 T dr
v " Ehsing sing Eh sin ¢ a sy J. °
: a
To
T
Ehsin(p[zna+u] sinq)[Tro ‘deroj (63)
a

It is interesting to note that if the v and w components are resolved

to the radial displacement, the part of this radial displacement due
to the axial load is constant everywhere,

Radial displacement = eg r, = w sin ¢ = v cos P (64)

Substituting for v and w from Equations 60 and 63 into 64 yields

Since one basis of evaluating the accuracy of a solar concentrator
is the angular error (or deviation of the slope of the deflected
meridian from that of the perfect one), the angular deflections
that correspond to the linear v and w displacements are next deter-
mined. The equation of the displaced meridian is first determined

by adapting a new coordinate system based on the undisplaced meridian
as shown in Figure 7.

From Figure 7 and Equations 60 and 63, the u and z coordinates of
the deflected meridian are

To
To - o ag To . 66
u coscp+'-coscp+Ehcosq>Zna+cosq>{Tdr° (¢6)
o .
- a - -_84q9 < J¥'S 67
“ “"':sin(p[rr" der"] Ehsinq[zna v'] (é7)
a
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The tangent of the desired angular deflection is the slope of

the deflected meridien,

dz_
= g9 _ dry
tan q = du = du
dro
a -T - ag
_ Sing [T+’°dro ] To ER sin ¢
1 4 ag + o T
cos @ ro Eh cos ¢ cos ¢
r g <& - &9,
o dro rQEh cotcp
249
1+r°Eh +aTl
and,
zo? « L. -4
tann = 2 d T Eh cot ¢ (68)

b o
S Q+aT)+ g5

Deflection of the Cone Under Uniform Meridional Tension

The general equations of the preceding section are now applied to
the example problem considered in Section I ~ "Analysis of the
Ring". No temperature gradient is considered so that the terms
containing T in the equations drop out.

The film considered is 1 mil Mylar having E = 735,000 psi and
B = 0.3.

Substituting the proper values into Equations 52, 60, 63 and 68
yields,
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= m . - . — o s = X o B | P /‘_
q 2 n (36) (0.83157 = Ueldl7 LUS/ dLie
= 6) (0.319 To
v (735000) (0.001) (0.5556) £n [ 36 ]
= 0.0281 ¢ [ -0
- . n % ] ino
— 6) (0.31 To
v = ooy {4n [5¢] +03}
= 0.0188{£n [ % ] + 0.3} in,
R 0 L A
1T =="7%5 0.319 T T 204 r, +3.19

36 t 7735

(70)

(71)

(72)

From Equation (72), the angular deflections are seen to be very
small. They vary from about 0.0166 degrees to 0.00166 degrees

fromr, = ator, = b respectively.

3. .Ihe Secondary Circumferential Stresses Due to the Cone Deflections

Let

B
"
=1

Then, Equations 66 and 67 may be written, (for T = 0)

(73)
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v = cos ¢ + cos @ £n a (74)
n To
2 = - Sin p [,@n a +p.] (75)

The first and second derivatives of u and z with respect to r,
become,

ut = 1 |:1+-£
cos @ To

r°2 Cos ¢

(76)
n

3t = o sin g

—
ro? sin @

The radius of curvature of the meridian is given on page 200
of Reference 6 as

[ (@)?+ (a1)? 172
pl = ul g" -zt (77)
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Substituting Equations 76 into 77 and simplying ylelds,

1 2 \3/2
o - E DT e TR o

The corresponding principal radius of curvature normal to the
meridian plane may be determined from the geometry of the de-
flected meridian in Figure 7. Then,

pp sin (p+ 1) =15 - wsin ¢+ v cos ¢

o = M [,enff+p]+mﬁn _1;_0

Sro=-np (79)

Since 1 is small, the approximations, sin n ™ tan n #® q and
cos 11 8 1 are made and substituted into Equation 79 so that,

" To =R P

P2 sin @ + n cos ¢ (80)

Substituting for n % tan n from Equation 68 into BEquation 80
and simplifying glves

x (ro+m)(ro-mp)sing (81)
(ro + m) sin® @-m cos® P

P2

The in-planc meridian membrane forces may again be determined
from statics, but thic is now dene by considering the deformed
geometry to yield,
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where 1o 1s the angular deflection at r, = a

The well-known membrane equation (Reference 4) when the force

normal to the surface is zero and when Py is opposite in di-
rection to p, becomes

Y _ B _
b T, 0 (83)

Substituting Equations 78, 81 and 82 into Equation 83, solving
for Ng and simplifying gives,

sin (p+ n0) m cos? P n
Ng = (a-mp) {[2+2

sin2 (q) + 1]') r°2 sin ¢

-3/
(e )

Again, making the small angle approximation,

sin (¢ +1,) ® sin ¢+ n, cos ¢ ™ sin ¢ - %t-m—g cos @

= ‘g+m)sm21-mcoszg
(a + m) sin o
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aliid g

2
sin” (@ + 1)

~ (_1~Q+m)2 sin4¢-2m(r°+m) sm2q>c032q>+m2 cosl*(p
(r‘;.+m)2 sinch

sin (@ + ﬂo)

si.n2 ((p + q)

(a + m) sinch-mcosz(p

(rg + m)2 sin® ¢ - 2m (r, + m) s:!.n"z P cosz @+ x* cos® P
(r, + m)2
X e s (85)

Substituting Equation 85 into Equation 84 and simplifying gives

m(a-mg) (rQ+m)2 (a+m)sin2<p-mcoszq;

N -
9 (a + m) r°2 [(ro + m) sin? p-m cos? q)]2

[T e Ty 0wy ()
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Substituting for m from Equation 73 into 85 and simplifying
yields
1 -8

[l‘o][ ]tancpsincp 1+E{[1+E9-h]81n2q,_€ﬁc032v}
Eh

"{[1+Ehr°]z[r°m¢] [ &] }-3/2 (87)

In the example problem, g/Eh is very small. Equation 87 greatly
simplifies for this case to yield the approximate. equation,

Ng ® %; L cot ]2 (e8)

Substitution of the example problem values into Equation 88 shows
that even the maximum secondary circumferential membrane force

(at r, = a) is negligible.

N, . = .(_2__2)__0&3; 2 (0.668)2 = 62)(10—6 1b8/1n0

or, the corresponding stress is only,
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Estimated Circumfewmential Siress Rsquired to Minimize Residual

Meridian Wrinkles

In order to achieve a perfectly smooth surface free of wrinkles
and waves, the thin film must be subjected to biaxial stresses.
This is predicated on observations of simple éniaxial strip
tensile tests, for example. Here, even narrow, uncreased Mylar
strips are observed to take transverse curvature at relatively
small longitudinal stress levels, For wider strips, the edges
first curl and then a series of waves develop across the section.

Unfortunately, the above phenomenon occurs in the uniaxially
loaded cone-~column reflector. In addition, the necessary
meridian seams that are stiffer than the basic film cause
wrinkles [at least, locally near the seams] and since the cone
must be packaged, some creasing will occur necessitating the

applicatlion of circumferential as well as meridian stresses to
remove them.

The approach'taken in the following analysis of the stress
required to minimize wrinkling is based on the premise that
a conservative solution for the more easily defined problem

of wrinkling due to packaging will yield results that govern
over the other two problems mentioned above.

Consider only meridian creases. Then for N creases, the length
between them at any radius, r,, is

23:.2__1.1_1'._'; (”)
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The circumferential stress required to pull out these creases
can be determined as follows:

A
Ng ks

A 8(a) C

. ~/[/ff
IrI‘ B __..Ne S(b)

FIGURE 8 - A Creased Unit Width of Film Under Axial
Tension Ng

Preliminary investigation indicated that with the film thickness
under consideration the axial load Ng that produces plastic joints
at the creases A and C is negligibly small, This was done by con-
sidering the non-linear elastic deflection of a cantilever beam
with a tip concentrated load. This indicates that the problem is
an inelastic one, and for this reason it must be restated as fol-
lows: Determine the circumferential stress which would bring
the height of the creases, fr, (See Figure 8b) to a predetermined
value, dictated by the desired smoothness of the surface.

The moment at the point A (Figure 8b) is
W =N & (90)

Since the cross section at A is assumed fully plastie, the value
of My is
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o. h2
JT' , where oy 1s the yleld strength of the £ilm and h the

film thickness. Then Equation (90) becomes:

o h2
NG’KI‘:-%—

For 1.0 mil Mylar (o = 10,0003 h = 0.001) the above
equation becomes

% {r = 0.0025 in-1b/in (91)

With a fully plastic hinge at A the crease tends to disappear;
this, of course, would require a small increase in the temsion
Ng, which is accompanied by a subsequent decrease in ‘Zr' The
process of complete elimination of the creases is rather com-
plex, because it would require the knowledge of a precise stress-
strain diagram for the Mylar film. However such a diagram, with
the desired accuracy, is not available. As the section at A
becomes fully plastic the tension Ng assumes first its lavest
possible value, and the respective /. assumes its highest
value. In this sense Equation (91) is a conservative one, be-
cause it can be used with confidence to determine the lowest
tension Ng that leaves surface irregularities described by the
parameter /p. Figure 9 offers a plot of the temsion Ng in
terms of Z,.
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FIGURE 9 - Force~Deflection Relationship for Unit Width 1-Mil
Mylar Strip

If surface irregularities in the order of 15 mil, for example,
could be tolerated, the required tension Ng would be 0.167
1b/4n, which corresponds to a stress of 167 psi.
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Surfaces of Revolutiocn Having Anticlastic Curvature

Although many curves may be considered for the meridian that
defines the anticlastic surface, only two types are analyzed
hereing 1) meridians that vield constant circumferential stresses
everywhere and 2) parabolic meridians.

Consider a general meridian curve that forms a surface of revolu-
tion as shown with its coordinate axes in Figure 10.

?

1 8

!

FIGURE 10 -~ The Mnticlastic Meridian Curve
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Again consider Equation 83,
N
o _% ., (#3)

Py P2

The meridional radius of curvature is given in any calculus text
as

3/2
_ (439
y

31 (108)

where the primes denote differentiation with respect to x.
From Figure 10,

- &ty (109)

But, since the slope of the curve is y! = cot ¢, it follows that,

sing = (1+ y'z)_% (110)

Substituting Equation 110 into 109 and the result (along with
Equation 108) into Equation 83 yields,

n N
.Y No _ ] = o

1+y 2)3/2 (a+y) (1+ ylz)i.
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and, simplifying gives
Ng = (a+y) . NW (111)

(1 +yr)

The meridian force is given from the statics of Filgure 10 and by
use of Equation 110,
2n(a+y) Npsing = Q

or

PR

_ Q - qQ@ I.}
Y% = 2% (a+y)sing 2w : +y (112)

Substituting Equation 112 into Equation 111

-+
Ng = jo_'o'; ¥ (14 y*) (113)

1. The Constant Circumferential Stress, Anticlastic face

The equation of the meridian that gives constant circumfer-
ential stress everywhere is determined by setting Ng equal
to a constant in Equation 113 and then solving the resulting
differential equation.

Let

Ng
K = 2n 2 (114)

-9 7=~
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Then, Equation 113 becomes

y (1 +y'2)-% = K (115)
But note that this equation is the same as,

3 +y'2)-% 9—(-1—:;—’& = K (116)
Integrating Equation 116,

(1+y'2)& = Ky+0C
and,

vt o= g = A/(Ky+Cl)2-l ' | (i17)

The equation of the meridian curve is given by perfoming the
integration of Equation 117, e.g.

x = f oy + G2 (118)
~/(Ky+01)2-
Let,
-1
Ky +Cq = cosh t, t =cosh ~ (Ky+C3)
Kdy = sinh t dt, dy = 1/K sinh t dt
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Meking these substitutions in Equation 118 and simplifying gives,

xzfl sin t dt

. ~/c<'>sh2t-1

+C, = J’ th- +Cp (119)

The integral of Equation 119 simply gives

x = % 40, (120)

The desired equation of the meridian is finally given by substi-
tuting for t into Equation 120 and evaluating the two constants
of integration from the two boundary conditionms,

b
n
L]
o

Oaty
and, } (121)
X = Haty b=-a

Then,
1 -1
x = gcosh (Ky +Cp) +Cy
01', cl
y=}icosh[K(x-Cg)]-'f (122)
where,
Cp = cosh (-KCp) = cosh (KC,)
(123)
K (b~ a)
C I—i"'l Sinh? KH
2° 2 K a2
2 sinh [ &1 ]
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K=27 5= 2h & (114}

The resulting meridian (or generating) curves are plotted in
Figure 11 for various rdtios of the axial load to circumferential
(or hoop) stress. Figure 12 presents the corresponding meridian
stresses (as determined from Equation 112).

The Anticlastic Surface Formed by a Parabolic Meridian

The general equation of a parabola is
y = A +Bx+C (124)

Three boundary conditions are required. Since the curve must pass
through the points x =0, y=0Oand x=H, y=b = a, one easlly
obtains,

c=0
and, b } (125)

The third condition is based upon a given required circumferential
stress at the small base of the "conical frustum". That is, Ng
will be given.

Then, from Equation 113, this third boundary condition may be
stated,

- N ‘e
y" 1+ ylz) = 20 -62 = 2 ﬂ.h —62 = xb (126)
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The first and second derivatives of Equation 124 are
y! = 24 x4+ 3B
| } (127)
y' = 2A

Evaluating Equations 127 at x = O and substituting the result into
Equation 126 yields

28 (1+ BZ)-% = K, (128)

When solving Equation 125 and 128 simultaneously for A and B, the
following quadratic arises,

{[ig;f-nz}A2+2(b-a)A-[h_;.éf_1=o
(129)

At this point, it is necessary to resort to numerical calculations.
The geometric values for the example problem considered throughout
this report were substituted into Equation 129 along with two
different K, values. Solution of Equation 129 revealed one positive
and one negative root. Since the A coefficient corresponds to the
slope of the meridian, it is easily seen from Figure 10 that the
positive root is the only one of interest. Having thus determined
A, B and C were then calculated from Equation 125 and substituted
into Equation 124 to glive the desired equations for the parabolic
meridians., These are vlotted in Figure 13, Figure 14 and 15 pre-
sent the corresponding meridian and circumferential stresses as
determined from Equations 127, 113 and 112,
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Desipgn Examples

Comparisons of Figure 12 and 14 show there exist no large dif=-
ferences between the general shapes of the constant hoop stress
and the parabolic meridian curves. They diverge with decreas-~
ing axial load to hoop stress ratios, but even for the lowest
ratios considered, the meridians are very similar, the parabolic
curve oeing slightly closer to the true cones The meridian
curves corresponding to a range of one order of magnitude in

the axial load to hoop stress ratio have been presented in both
figures. Although the lower boundary is unreasonably remote from
the irue cone, it has been included to show the shape that would
be required for a combination of a 60 1b. axial load [as used in
Reference 1] and a required circumferential stress of about 28 psi
which corresponds to a surface irregularity of 0.09 inches as can
be determined from Equation (91) for 1 mil Mylar film.

From optical considerations, an anticlastic surface that closely
approximates a true cone is desired; one that is defined by the
upper boundary [ Q/fg = 20.944] of Figures 12 and 14. However,
to obtain a hoop stress of 28 psi, an excessive axial load of

600 1lbs. would be required. This high load combined with the
practical consideration of manufacturing a surface to the result-
ing close tolerances indicates only larger deviations from the
cone are feasible.

As an example, consider the curve for @/fg = 5.7597 in.2 in
Figure 12. For fg = 28 psi, an axial load of approximately

162 1bs. or 2.7 times the originally proposed load of 60 1lbs.

is required. From a structural viewpoint this design would be
feasible since the corresponding maximum meridian stress from
Figure 13 is only 770 psi as compared to the Mylar yield strength
of 11,000 psi. However, the strength of the ring as discussed
in Section I-C would have to be increased.
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Development of a Body of Revolution from an Initially Fabricated
Body Having Bases that are Regular Polygong

The feasibility of generating a body of revolution of negative
meridian curvature from an initially fabricated regular "pyra-
mid-type" body by applying only axial force must be determined.
This problem arises because the desired anticlastic surface is
nondevelopable whereas the originally proposed cone was.

Consider the gored body with meridian seams of Figure 16. Any
section cut by a plane normal to the axis of symmetry is a
regular polygon of r sides. Feasibility is substantiated by
moving that the polygon deforms to a circle under the appli-
cation of axial load.

O

—

[ _ eridian Seams

FIGURE 16 - Undeformed, Gored Body with Meridian Seams
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The total axial load is resisted partly by the seams and

— e AN

parily by the gores,
Q = Qg+ Qg (130)

The tension force in any one seam at a point defined by the
angle ¢ (see Figure 17 for example) is

Qs

T = r sin ¢ (131)

Two simplifying assumptions are now made, 1) the meridian
seam 1s closely approximated by a circular arc and 2) the
membrane stress in the gore and normal to its centerline is
assumed to be constant. The variation of this stress (de-
noted by Ny in Figure 16) is actually unknown but the assump-
tion should be adequate for this feasibility study since it
has been shown in Figure 15 that the hoop stress variation is

small in the body of parabolic meridian that is "near" the
cone,

A free body of a seam may now be described as shown in
Figure 17. The x and y coordinates of a point on the seam
are (from Figure 17),

x P1g (cos @ - cos ¢q) }

(132)

Y = p1, (sin g4 - sin ¢)

From the static equilibrium in the horizontal direction of
Figure 17,

Pa
Tbcoscp-,,--Tacoscpa:th.~3.:I.n';:-fplﬂ I singpde

(133)
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Substltuting for Tg and Tp from Equation 131 and integrating
Equation 133 yields

Q
—l:’- oot @, = cot pg) = 2 Ny, P1, sin-i.! (cos qp - cos qq)

(134)
or, % ]
B, = 3 T py sin 3 (135)
8 r
where,
_ cot @p = cot ¢g (136)

COos Qp = COS @y

The analysis is now limited to cases where the number of
gores is sufficliently large so that the small angle approxi-
mation is wvalid, e.g.,

sin-;'rﬁ" ta.n-g-“-'r-'-and cos-:: LR
Equation 135 then becomes

Q

N = Z—;T—pl—s' (137)
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assume a uniaxial stress condition exists and the meridian
strain im the seam is then

Q

= I - 8
evs = ‘(KE‘S; = 7 (AE): sin o (138)

The gore is subjected to biaxial stresses so that the stiress-
strain equations are given by dropping the terms contalning
T in Equations 50,

- 1
B‘Pg = Ea); (Np - 1 Ng)
1 (139)
Etg = _—(Eh)g (Ny - 1 Nq,)
Solving Equations 139 simultaneously for N‘P glves
(Eh)
= £ (eqy + ¥ ety (140)

l=-p

Since the gores and seams are connected to rigid bases and
must elongate the same amount, strain compatibility between
gore and seam 1s assumed,

(141)
This facilitates substituting Equation 138 into Equation

140 to yleld
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- /g +p Ny = u,z
Ny = [r(AE) oot Bl @
and, solving for K?
Q, ‘
N‘Pz[irsintp"'p'nt] (7“'3)
where
= (AE) '
= ﬁ;—ﬂ: (144)

Substituting for Ny from Equation 135 into Equation 143,

1 p i
N‘Pﬁ[)\rsincp +2npls]Qs (145)

Another equation for N, is available from the static
equilibrium of a gore 1n the direction parallel to the axis

of symmetry.
_ %@ 16
No ®= Zw(a+y) sing (146)

Equating Equations 145 and 146,

[a5lets) o %‘1‘: (a+y)sing Qg (47)
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Substitute Equation 147 into Equation 130,

i - 2n 4 opld +
Qg 1+[kr plssmq’](a y)
and,
Arp1.Q
Qs = 2 (148)

Ar pL_ * Qmpy +p jrrsing) (a+y)

Substituting Equation 148 into Equations 145 and 135

(2n p1g * pj Ar sin @) Q

k=]
L}

P 2 mXrp, sing+ (2m P1, +.pJ Ar sin @)(2n)(a + y) sin o
s

(149)
JxrQ
2n)\rpls+ (2n pls+p.j Ar sin ¢ ) (21) (a + y)

&z
1

(150)

The membrane equation (Equation 83) may once again be applied;
this time, to the gore.

N % _, (151)
Pl, P2,
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Subsgtituting for N¢ and Np from Equations 149 and 150 and
simplifying
= _Jirsine 152
P2g Plg (152)

Next consider the deformation of one side of an original polygon
on a plane normal to the axis of symmetry of the body (Figure
18). If this side (along with the others) is assumed to always
be an arc of a circle during deformation, a strain displacement
equation based on the original length plus the transverse strain
and the arc length of the deformed side may be written, (see
Figure 18)

(e+y) Qre) sinZ = [2 -ng] R (253)

If the parameter angle, @, that defines the cut section is
assumed tb be essentially constant, the radius of the deformed
circle, Rg, may be related to the principal radius of curvature
that is normal to the meridian plane (refer to Figure 10) by,

Re = ng sin P v (154)

Substituting Equation 152 into 154, the result into Equation
153 and solving for € yields,

2 r
—_ Ar gin” o 1 - 8. -
& T (@ +y)(an pls-l-p,jkr sin o) [ n ] plg 1

(155)
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S~ Center of Deformed Circle

Axis of Symmetry

One Side of a
Undeformed Polygon

The Deformed
Side

FIGURE 18 - Undeformed and Deformed Side of a Regular Polygon
Cut by a Plane Normal to the Axis of Symmetry
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.ant,

The meridian radius of curvature of the gors cannct be constant,;
as implied above, even for the undeformed geometry since the

seams have been chosen to be circular arcs. Therefore, an unde-
formed meridian through the gore lies on an ellipse. However, for
the large nymber of gores that have already been specified, the
differences between meridian radii of curvature at various loca-
tions on the gore and seams will be negligible. Considering the
large meridian radii of curvature for these anticlastic surfaces
that are "close" to a true cone and in keeping with the previous-
ly employed simplifying assumptions, discriminations between the
gore and seam meridian radii of curvature in Equation 155 is con-
sidered to be unnecessary for purposes of this feasibility study.

Dropping the s and g subscripts in Equation 155 and setting this
equal to the second of Equations 139 gives,

(Bh), A rsin° @ T ng
N -k Np= @5 y)g(zn Py +# J X rsin ¢) [ o ] f1

- (Eh)g (156)

But, Ny and Ny are given by Equations 149 and 150, where the sub-
scripts s and g are now dropped. If the substitutions for Nt and
N, are made and the result simplified, the following cubic equation
13 r is obtalned.

) 3 2

-= Rr’+(R~-8S+T +(U=-V)r-Ww
Q ) r ( ) x° + ( ) r

2n (Eh)g sin @ X +Yr-2

(157)

wnere
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R = Jpls(lsincp)z[Pls'*uj(a+y)81n<P] h

8 = ujplxz(a+y)sincp‘

- 2_ 2 2
T = Jx(a+y)[2 g Plé'F JA (a+y)] sin P
U = 2m) Plsz ( sinch-l) (a +y)

v = (a+y)‘°'4nunplssinq> > (158)
Vo= (a+y)® (enpy )P

(8 +3) B (1 =p2) (A sin @)?

>
"

Y = (a+y) (1-25°) (2n J2 py_sing)

z = 4u(a+y)n29132

J

For given values of Poisson's ratio, the gore and seam stiffness,
the allowable reflective angle, n,, and the meridian radius of
curvature, the required axial force to the number of gores relation
at a particular cross~section may be determined from Equations 157
and 158.
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Again consider the sample “cone" used throughout this report.
However, to show the maximum effect of the axial load, the ex-
treme case of the minimum radius of the cireular meridian is
considered. This minimum radius is taken as that of a circle
that has its center in the plane of the small base of the
"conical” frustum. It then follows that,

p1, = 679.323 in.

— 1
P = % and § = T g (See Equation 136)

Since, the reflective angle, fNgs is critical at the large
base, the section a+y = b = is considered. Then,

a+y=360in, and ¢=¢p = 519, 26.43 min.

Furthermore, 1 mil Mylar gores with ¥ in. wide, 1 mil Mylar
seams are taken so that,

735 1bs/in }
368 lbs

(En)g

A = % in.
(E4)g

Substituting the above values along with p = 0,3 into Equations
158 gives ,
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R = (0.7&2) (679.32) (0.25) [679.32 + (0.3) (360) ] = 104.5 x 103

s = (0.3) (679.32) [ 3—,%-0 ]=18.33 x 10

T = (0,7&)[129]{2(679.32)2%‘[8-:%][2'2@]} '

[ 207 x 10 2295 ] 103

U = m(679.32)* [ (0.782) - 1] (360) = -113.7 x 10°

V = (360)% 4w (0.3) @) (679.32) = 166 x 10°

12

Wo= [2w (679.32) (360) 2 = 2.36 x 10

X = (360) (0.3) (0.91) }) = 24.6
Y = (360) (0.82) w (679.32) = 630 x 103
Z = 4 (0.3) (360) n® (679.32)2 = 1.96 x 107

Substituting the above values into Equation 157, rearranging and
simplifying, yields the cubic,

- -[0.796 L 43900 - 65,1 x107 ¢ -"-]r2+.!.[zaao+
n fle &

o Mo

+1.67x10‘3q_-|z-+%[22.6x106- 5.19Q]=o (159)
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It is now obvious that only unreasonably high axial loads,
Q, have any effects upon Equation 159. Even axial loads as
high as a ton or more may be neglected. This analysis of
the deformations of polygonal bodies under axial load has
therefore been carried far enough to show that it is not
feasible to generate the desired body of revolution by
applying axial load to a shape made from flat gores.

The alternatives are then: (1) making an anticlastic
surface of pre-formed double curvature gores, and

(2) inducing circumferential stress by the application
of circumferential stiffeners to the surface. The
second approach is now being investigated experimentally.
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CONCLUSIONS

The 60 foot diameter foldable ring of diamond cross—section
as described in the design example of Section I is structur-
ally adequate for a 60 1b axial load and the packaging and
deployment loadings. The minimum factor of safety is 1.5
which occurs under the packaging loads and also under the
out~of-plane buckling consideration if the maximum allowable
pretensions in the cables are applied.

The results of Section II indicate the following conclusions:

1. The secondary circumferential stresses induced by the
deflections of a membrane cone under axial load alone
are far less than those required to reduce the residual
wrinkles and creases to a satisfactory reflectivity
level.

2. A smooth surface may be obtained by deviating from a true
cone to a membrane of revolution of anticlastic curvature.

3. An anticlastic membrane of revolution cannot be obtained
by applying only axial load to an initially fabricated
body having bases that are regular polygons.

L. A solution to the problem of cone construction will be
found only by using designs more complex than those
considered in Section II.

Another method of fabricating a true cone that will have the
required smooth surface under axial load only is presently
being investigated experimentaily. The concept is based upon
the application of collapsible circumferential structural
members distributed over the external surface of the cone.
These members will provide thc circumferential compressive
and flexural stiffnesses required to restrain the compressive
strains that induce wrinkles in an unstiffened membrane cone.

ne results of these investigotions will be included in another

report.

-122-




1.

2,

4o

5.

7.

8.

REFERENCES

Mandel, J. A. - "Structural Analysis of the Cone and
Column Reflector Solar Concentrator", GER 11283, Good-

yezr Aerospace Corporation, Akron, Ohio, October 15,
1963.

Roark, R. J. - "Formulas for Stress and Strain", Third
Edition, MeGraw-Hill Book Company, Inc., New York, New
York, 1954.

GAP 2687 ~ "Proposal for Development of Supporting
Structure and the Design and Fabrication of a Five
Foot Diameter Cone and Column Solar Concentrator
Model", Goodyear Aerospace Corporation, Akron, Chio,
June 15, 1964.

Timoshenko, S. and Woinowsky, S. = "Theory of Plates
and Shells", Second Edition, McGraw-Hill Book Co.,
New York, New York, 1959.

Sokolnikoff, I. S. - "Mathematical Theory of Elasticity",

McGraw-H1ll Book Co., New York, New York, 1956.

Clements, G. R. & Wilson, L. T. = "Manual of Mathe-

matics and Mechanies", Second Edition, Second Impression,

McGraw-H1ll Book Co., Inc., New York, New York, 1947.

Tabakman, H. D. and Valentijn, H. P. = "Distortion of
Circular Rings", Machine Design, October 22, 1964.

Timoshenko, S. and Gere, J. = "Theory of Elastici Stabil-

ity", Second Edition, McGraw-Hill Book Co., New York,
New York, 1961.

~123=-



GER-1211L

APPENDIX B
CONE AND COLUMN SOLAR CONCENTRATOR

THERMAL, ANALYSIS PROGRAM

12



TABLE CF CCHTEITS

INTRODUCTION . . . . .
SYMBCLS. . . . . . . .
RADIATION VIEW FACTCRS

A, System . . . . . . . . .. .. ..
B, Planetary. . . . . . . . . . . .

RADIATION FLUXES .

A, Solar. . . . . . . ..

B. Aperture Reradiation .

C. Planetary. . .

D, Albedo . . . . « « « « o . . . .
E., Column Reradiation . . . . . . . . .

TEMPERATURES . . . . . o . 4 o o o o o o o o o o

A, CON@ . v v ¢« v v o o o o o o o o o o o o o
B, Column . . . . « v v o o o o o o o o o o o o o

LIST OF REFERENCES .

LIST OF FIGURES

Figure 1 - Cone and Column Thermal Schematic .

Figure 2 -~ Cone and Column Orbital Schematic .

Figure 3 - Specular Reflection Schematic .

LIST OF TABLES

Table I - System Radiation View Factor . . .

APPENDIX B
GER-12114

. 126
. 130
. . 133

. 133
. 138

. 141
. 141

. . 150
. 151

. . . 152

. . . 153

. 153
. 156

N & Y4

. 127
. 128

. 142

- 135

125



APPENDIX B
GER-1211)

INTRODUCTION

The cone and column solar concentrator is thermally represented as

shown in Fignr’e l. The basic dimensions those of a 60 foot diameter con-
centrator while the cone node locations are established primarily

by the solar reflections from the column. Solar reflections from column
node 1 strikes cone nodes 2 and 3, f%om column node 15 strikes cone
nodes 4 and 5, fram calumn node 16 strikes cone nodes 6, 7 and 8, while
cone nodes 9, 10, 11, and 12 receive no specular solar reflections from
the column. A temperature discontinuity may exist between nodes 8 and 9;
the node sizes are adjusted in this area to better define this discon-
timuity. The concentrator may also .be. positioned with respect to a
planet (Earth) as shown in Figure 2, so that the plaret effects cause

a circumferential variation in temperature in addition to the basic radial

variatione

In order to re&uce thermal deformations, it may be desirable to vary |
the thermal coatings over the cone external surface. These variations
may occur radially but not circumferentially, since the concentrator
is solar oriented but not planet orlented. For' this reason the cone
external thermal properties are included as input data for each node.
Other input data (system variables) are the cone internal properties,

the column properties, the properties of the base (internal and external),
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the orbital altitude, and the position with respect to the earfh-sun line.

" Planetary effects may be neglected if desired.

The method of attack is to compute the cone node temperatures neglecting
circumferential variations, then refine each node temperature to account
for circumferential variations. No transient effects will be included
since the tlamai response time of the cone is cone

siderably smaller than the orbital period. Neglecting the transient
effects of the colum and other hard structure should result in a slightly

conservative analysis.

The primary purpose of this report is to analyze cone temperatures.
Column effects are therefore neglected wherever possible. An estimate
of column temperatures is included, but does not attain the accuracy of

the cone temperatures.
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SYMBOLS
Description Units
Area of subsoripted node or disk 42
Solar constant (LL2.4) BTU/ hr—£t2

Radiation view factor from first subscript
node, disk, or point to second subscript
node or disk

Distance between planes or points denoted
by subscripts

Dimensionless distance parameter

Orbital altitude

Node, disk, or point numbers

Dimensionless orbital altitude parameter
Planetary view factor from subscripted node
Planetary view factor at cone location ©
Heat flux

Inci_dent heat flux on subscripted node

Diffusely reflected heat flux from sub-
scripted node

Absorbed heat flux of subscripted node
Iocation solar ray initially strikes cone

Location solar ray double reflected strikes
cone

Column radius

£t

miles

BI'u/hr
BTU/ hr

BTU/hr
BTU/hr
£t

ft
£t
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SYMBOLS (Continued)
Description Units
Radius of subscripted circle £t
Planet radius riles
Dimensionless radius parameter -—
Diffuse solar reflectance of cone internal
surface -
Specular solar reflectance of cone internal
surface -
Diffuse solar reflectance of column -
Specular solar reflectance of column -
Temperature of subscripted node °R
Temperature of subscripted node at loca-
tion © °R
Distance along axis from apex of cone ft
Solar absorptance of cone internal sur-
face -
Solar absorptance of base internal sur-
face -
Solar absorptance of cone node n external
surface -—
Solar absorptance of column ——
Angle between surface normal vector and
surface-planet line radians
Emittance of cone internal surface -
131
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SYMBOLS (Continued)

Dé‘scription

Units

Emittance of base internal surface
Emittance of cone node n external surface
Emittance of column

Angle around cone from planet side

Rim angle of disk with respect to point
Stefan-Boltzmann constant (0.171L x 1070)

Angle of satellite from earth-sun line

Subscripts

Description

Aperture

Node, disk, or point number (general)
Node, disk, or point number as indicated
Location on node or corresponding disk
External surface of node n

Internal surface of node n

Node n from all cone nodes

Angle around cone from planet (general)

Angle around cone from planet (general)

radians

radians

BlU/hr—ft-s Bt
radians

172



A.

APPENDIX B

GER-12111,

RADTATION VIEW FACTORS

System
Since heat transfer in the sjstem occurs almost exclusively by

radiation, the view factors within the system are required. A

small portion of the cone diffuse radiation will strike the column,
and this portion will be reflected or reemitted diffusely., For
simplicity this column effect is neglected by presuming the view
factor from the cone to the column node is zero., The column will,
however, receive specular reflections from the cone of which a
portion may be scattered diffusely, or absorbed and reemitted. To
place this diffuse radiation back within the cone node system the
view factors from the colum to the cone nodes are required. Figure 1

is used throughout this section.

To evaluate the view factors between nodes 1 to 13, it is con-
venient to consider the plane areas bounded by the node boundaries.
The symbol n' or m' will be used to denote the circular disk at
the larger end of node n or me These circular discs are opposed,
so that the view factor between any two may be obtained from the

Reference 1 expression:

2
1 h2 + 1 h + 1 2 L
F = - 5 + 1 - 5 + 1) - 7 (1)
n'-m! 2 r r r
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where:?
T - Rn' /I u.m'
(18)
h = ‘Hnt-n' / Rmt
The view factor from any circular disk to any node is then:
Fartem = Fpoge = Fric(m-1)e (m< n)
(2)
Fn'-m = Fnt-(m-l)l - Fn'-m' (m > n)
The view factor from any node to any circular disk is:
Foov = FonAni / &y (3)
The view factor between any two nodes is then:
Frm = I“n-(m-l)' - Fn-'m' (m> n)
Frem = 1 = Fy (1)t = Foome (m = n)
Fn_m = Fn_m‘ - Fn-(m_l), (m< n) ()-l)
Table I presents the values of these view factors.
134
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To evaluate the view factors from the column nodes to the cone

nodes, the column radius is neglected and the circular disk con=-

cept defined above is again used. Three points on each column node

n will be considered, i.e. the ends of the node and the center denoted
as n a, nb, and n ¢ respectively. The view factor from any column

point i to any circular disk m' is:

Fiop = (A =sinrcosz ) /7 | (5)
wheres:
tanz = Ry /H_, (5a)

The view factor from any column point i to any cone node m is then:

Fiom = Fi-(m-l)' -Fi (pt on apex side of disks)
F, . = 1-Fo, - Fi-(m-l)' (pt bracketed by disks)

Fiom = Fiomr - Fi-(m-l)' (disks on apex side of pt) (6)

The view factor from a column node n to a cone node m is taken as a

weighted average of the view factors from points n a, nb, and n ¢

to the cone node ms
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(7)
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B. Planetgz

The view factor of the planet will be required to evajiuate planst
effects on the system temperatures. Figure 2 is used for this
analysis,  let © be the circumferential angle of a cone strip or

line from the side of the cone f;cing the planet, and let @ be the
angle of the satellite about the planet from the planet-sun line,

An angle A may then be defined as the angle between the normal vector
to the external surface of the cone strip and the concentrator-

planet vector. Then:

cos g = cos 33.75° sinﬁ cos © + 3in 33.75° cos ¢
(oL 7T ) (8)

A dimensionless altitude factor K is defined as:
K = Rp/(Rp+i:) | (9)
The planetary view factor is then:

Py = K cos V4 (o £ g < cos™t K)
Pg = K cos S [1 - 7t ain™ ( VKZ - cos’8 /K sin g )]
+ 7/’-1 sin 1 ( qK - coszﬂ / sin g )

- 7K - cos?s N1 -F)  (cos™E KK A<7Y2)
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Py = K2 cos /& »1 sin'l( VKZ - coszﬂ /Ksing )
+ 7t sin”1( F - cos?g /sing )

- 7)’1 ’V(Ka - cosz,e 1 - l(a) (7/2 4)‘\<coa'l(-l())

Py = O (cos™L (-K)S A<7) (10)

Pe is evaluated for values of © of 0° to 180° at 15° increments.
The view factor from any cone node (nodes 2 to 12) to the planet is
taken as a weighted average of the 13 values of Fgs

P, = (3/8 Pyo + 7/6 Pyg. + 23/2L Pyge + Pge + Py

* Prge * Poge + Pigge + Prpge + Pyago + 23/2h Pygp,

+ 7/6 P165° + 3/8 PlBOo) / 12 (11)

The view factor from the base (node 1) to the planet is similarly
computed, utilizing the half angle 67.5° in lieu of 33.75° in
equation (8). The view factor from the open end (node 13) to the

planet may also be computed from equation (10) using the expression:

£ =7 -8 (12)
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Planetary view factors from all system external node surfaces have
now been obtained, These factors a.rev a function of the orbital
altitude h and the angle about the planet §. Local values about
the cone have also been obtained.
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RADIATION FLUXES

Solar

Solar radiation will enter the open end of the cone, strike and
be reflected from the cons, colurm, and cone before entering the
aperture. This sequence is shown graphically in Figure 3. The
direct solar flux which strikes the cpen end (node 13) is denoted

as Q:
Q = €Ay | (13)

The direct solar flux Q, which strikes each cone node n may be

expressed in terms of its maximum radius Rp and minimum radius R 2
2 2 2 <
Q, = QR -R7) /Ry, (2< n < 12) (1)

The receiver structure is presumed to have a radius of 3 ft and
shadow node 1 so that Q3 = O« The portion of this flux absorbed

by each node is:
<
qQ, = Q &y (2€ n< 12) (15)
A portion of the flux Q, will be reflected diffuselyz

Q= Qo (2< n <12) (16)
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These diffuse reflections will bounce around the cone and eventually
be absorbed by nodes 1 to 12 or pass through the open end (node 13).
Presuming that further reflections of these diffuse reflections are

also difmée, the Reference 2 technique may be used to determine

the value of these absorbed fluxes for each node.

The specular reflections from nodes 2 to 12 will strike the column
nodes 14 to 16. A column node has a maximum and minimum value of x
which corresponds to values of R, per Figure 3 and denoted as Rna
and R, respectively. The reflected solar flux which strikes each

node n is:

G = Qryg (a,g-xg,,i)/nﬁ | (1L < n £16) (1n)
The portion of this flux absorbed by each node is:

QG = Q op (14 € n € 16) (18)
The portion reflected diffusely is:

G = Gy (L€ n < 16) (19)

A portion of these diffuse reflections will strike the cone nodes

(nodes 1 to 12). The quantity of this flux which strikes each node ist

G = ) GF (1< n<12) (20)
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The portion of this flux absorbed by each node iss
Qg = Q oy ' (21)

Presuming all reflections of diffuse incident radiation are diffuse,
the reflected values are:

q - Q (1- ) (2 < n < 12)

9 = 9 @-%y) | (22)

The reference 2 technique is again used to evaluate these reflections.

The specular reflections from nodes 1l to 16 will strike the cone
nodes 1 to 8. Each of these nodes has a maximum and minimum radius
(R, of Figure 3) which corresponds to values of R, per Figure 3, the
latter denoted as R, and Ry, respectively (for node 1, R is 3 due
to shadowing). The double reflected solar flux which strikes each

node n is:

O = QT Ty Ry =R /RS (1<n<i)
Q, =0 (9 € n<12) (23)

The absorbed portions are again:
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@b = 4 &K

~
N
N
=
n
=]
~s

The diffusely reflected portions, presuming node 1 to be a diffuse

reflector, are:

Q = Ty (2<n<8)

Qo= g (1- o) (25)

The Reference 2 technique is again used to handle these reflections.

The triple specular reflections from nodes 2 to 8 then proceed to

the aperture.

145




B.

APPENDIX B

GER-1211L

Aperture Reradiation

A portion of the sgolar energy which enters the aperture is reradiated.
Presuming 20% reradiation and 10% shadow losses, the flux from the

aperture to the cone iss

Q = 0,.2x0.,9¢C A13 Teg rbs Tog (26)

The distribution of this radiation on the cone nodes may be obtained
from the radiation view factors from the aperture to the cone nodes.
Let R, and R, denote the maximum and minimum radius of node n, and

H a.ndHa

ap-n -m denote the axial distance between the aperture and the

P
node boundaries while considering the aperture as a relatively small

disk. Then:

Q=@ [1/ (1 +Hgpp /R =1/ (1 + Hap_mz/nmz)]

(2< n < 11)

Q= @ [1-1 Geng e R (27)

Due to the high aperture temperature, the wavelengths of this radiation
is between that of solar radiation and the infrared radiation emitted
by the cone, column, and planet. For simplicity, this radiation is

presumed to be 50%¢ solar and 50% infrared. The absorbed portion of

thig flux is:
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a4 = O (& + &)/ (2< n<12) (28)

ALl infrared radiatlon is presumed to be reflected diffusely, so

that the diffuse reflections are:
U = Qlrg+Q-€))/2 (2<n< 1) (29)
The‘ Reference 2 techniques is used on these reflections.

The specular reflections from nodes 2 to 8 will strike the column nodes
ih to 16, while the specular reflections from nodes 9 to 12 escape

out the open end. Each column node has a maximum and minimum value

of X which corresponds to values of Ry per Figure 3 denoted as

R, and R, respectively. The reflected aperture flux which strikes

each node n is:
2 2 2 2 //
Q = Qreg | V(1 + Hyp py/Rrpd= V(L + Haprio/Brp) | /2
(14 < n< 16) (30)
The absorbed portion of this flux iss
@ = Q, | (14< n< 16) (31)
The diffusely reflected portion of this flux is:z

—

%, = %t (L<n<1) ()
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The value of this diffusely reflected radiation which strikes

each cone node iss

W =y T, (1< n < 12) (33)

qQ = Q |, (2< n< 12)

q; = Ql ali (3u)

Presuming all reflections of diffuse incident radiation are diffuse,

the reflected values are:
Qg = Q(1- ) (2 € ng 12)

The Reference 2 technique is then used on these reflections.

The specular reflections from nodes 1L to 16 will strike the cone
nodes 2 to 12. Each of these nodes has a maximum and minimum radius
(Ra of Figure 3) which corresponds to values of Ry of Figure 3, the
latter denoted as Rpp and Ry, respectively. The double reflected

aperture radiation which strikes each node n is:
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~ - I - 2 2 2‘ 73 n . 23 ™ .
%, = 9 Tres Tpg [‘L/u + Hapenp /Fpp 1= 1/L1 + Hap‘mbc/R’"bo)J /2

(2< n<12) (26)
The absorbed portion of this flux is:
a4 = 9 X (2<€ n< 12) (37

The diffusely reflected portion of this flux is:
% = %hTeq (2<n< ) (38)

which is again handled by the Reference 2 technique. The specular

reflections escape through the open end.
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Planetary emitted infrared radiation may strike the external node

surfaces and enter the open end to strike the internal node surfaces.

The absorbed radiation on the external surfaces is:

ap = 0.16C A, P, €,

(1< n<12) (39)

" The radiation which enters the open end (node 13) is presumed to

be distributed internally according to the view factors from

node 13 to the individual nodes.

each node is then:

Qu = 0.16CAy3 Pyg Fyy
The absorbed portion is:

Q= Y éi

Q = Q &y
The reflected portion is:

Q = Q (1-¢€))

The direct planetary flux striking

(1< n<12) (Lo)

(2< n< 12)

(L1)

(2 <€ n<12)

(L2)

The reference 2 technique is used on these reflections.
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Albedo

The albedo (planet reflected solar) radiation analysis is very
similar to the planetary radiation analyéis. This flux varies
around the planet as a function of the angle ., For loﬁ orbits,
which are the most severe case, the angle dependence approaches a

cosine relationship; the absorbed radiation on the external surfaces

becomes:
q, = 0.36 C A, P, &, cos ff (09 < 7/2) (1€ n<12)
g, = O (T/eS ps ™) (L3)

The direct albedo flux striking the internal surfaces becomes:
Qu = 0.36 C A3 Py Fyy ) cos b (0< # £7/2) (1< n < 12)
Q, = O ( m/2< g<7) (Lk)
The absorbed portion is:
q, = Qnd (2<€ n<12)
q = Q (L5)

The reflected portion is:
Q - <<
Qn - Qﬂ ( 1 O’i) ( 2 n 12)

9 = -y (46)

The Reference 2 technique is used on these reflections.

151



APPENDIX B

GER-1211L

Column Reradiation

The column nodes (14 to 16) are noted to have partially absorved
gsolar radiation and aperture reradiation. This radiation will be
reemitted as infrared radiation. Iet 33 be the flux emitted by
the column nodes. The quantity of the flux which strikes each cone

node is:

16
QG = Z & Fy,
j = 1

(1< n < 12) (L7)

The absarbed portion is:

(2< n £ 12)

(L8)

The reflected portion is:

Qo= Q1-&)

Q- -4

(2<n<12)

(49)

The Reference 2 technique is used on these reflections.
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TEMPERATURES

Cone

In the preceding sections, the absorbed fluxes for cone nodes 1 to
12 were computed, and include solar, aperture reradiation, planetary,
albedo, and column reradiatibn. let q,j represent these absorbed
fluxes for node n on the internal surface and Qe OR the extermal
surface. Each cone node will reemit these absorbed fluxes plus

any radiation it receives from the other cone nodes. The Reference

2 technique may be used to solve for the node temperatures taking

into account internal reflections, and is represented as follows.

let n' represent a dummy position corresponding to node n. An

energy balance on node n then tecomes:

. _
En 'Anoanll ' -(—%n;_) (WTnh -d“rnlt) = 9ni * Yne (2<n<12)
i
Eqs A L

1° (1-€,)

On the dummy positions, defining T13, as Os
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i ity S e _orl-mt)  2ensc1)
(1 -¢€5) m=1 N 3
&L A ' 13
L1 rb-sf). = o R Teo®) (5
(1 -é]i) m=1

Equations (50) and (51) are seen to describe 2l linear equations
with the unknowns being Tnh and Th,h (1< n<12). Simuitaneous
solution of these equations yields the values of Tn,'l and Tn,h, and

hence Tn.

In order to refine the node temperatures to account for circumferential

variations, equation (50) is rewritten as:

(€,+&)hm Tl g vq +a  (2€n<12)  (52)
where - is the cone emitted fluxes absorbed by node n; this temm
Qpy may be computed from equation (52). Since the cone interior is
highly reflective, the internal fluxes Q . and Q. Will have only
slight circumferential variations. Circumferential temperature
variations will fherefore be caused primarily by variations in

the Qe term, which includes planetary and albedo radiation. Equation

(52) may therefore be rewritten as:
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(&, +€) T Tneh = (a3 +q, )/A +0.16 C B &€ +0.3 C By o cos #

(0L g< 7/2)

(€, +¢,) Tné" = (q + a5, )/A, + 0.6 C R €
(7/2< g<r)  (53)

Equation (53) may be used 'yo compute circumferential temperatures

on nodes 2 to 12, It is noted that neglecting circumferential
variation of internal fluxes should result in a slightly conservative
analysis, since the flux intensity will be slightly higher on the

cool side (away from planet) than the warm side.
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Colunn

The column temperatures may be estimated using the fluxes and cone
temperatures derived throughout this report. The column nodes were
previously noted to have absorbed Solar and aperture ‘reradiation
fluxes reflected specularly from the cone. The column nodes may
also absorb some planetary and albedo flux entering through the open

end (node 13), the value of this flux being:

Qp = C Pyg Ay Fn_13 (0.16 ep + 0.36 o:p cos @)
(0< ¢ < 7/2)(1h € n< 16)

Qp = C Py A Fn-13 (0.166p) (7m/2 < B<T )1 < n<16) (5h)

A mumber of diffuse reflections, i.e. solar, aperture reradiation,
planetary, and albedo, were noted to be bouncing around the cone.
The column nodes will intercept a portion of these reflections
which is evaluated with the Reference 2 technique. The effect of
the cone temperatures on the column temperatures, and the column

temperatures, may then be evaluated by again using Reference 2 .
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